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Chapter? 
PERMUTATIONS AND SELECTIONS 

7-1 . The Pascal Triangle 

Five students form a club. V/e shall call them by their 
initials A, B, C, D, E. Natxzrally, the first order of business 
in the club is to choose a refreshment committee. It is agreed 
that the committee should have three members. How many possibil- 
ities for the membership on the committee do you think there are? 

One possibility would be a committee consisting of B, C, 
and E. We might abbreviate this possible committee by the 
symbol (B,C,E}. 



Class Exercises 7-la 

1. Another possible membership list consists of A, D, and E. 
V/rite the abbreviated symbol for this case. 

2. Does the committee (B,E,A} have the same members as the 
committee (E,A,B}? 

3. Give two other symbols, each of which names the committee 
mentioned in Problem 2. 

Make a list of all the possible committees of three members. 

5. How many committees are in your list? 

6. Of how many of these committees is D a member? 

7. Compare the niamber of committees of which B is a member and 
the number of those which include D. 

(Answer the follov/ing questions without doing any more counting.) 

8. How many of the committees do not include A? 



9 



282 



9. What is the ratio of the number of oommlttees including E 
to the number of possible ooramittees? (Did you answer this 
question without fvirther counting?) 

"4.0« How many committees have both A and C as members? V/e may 
easily answer this question without looking at our list of 
all the possible committees. We observe that since a 
committee (A,C,?} has two members specified, then there Is 
only one vacancy to be filled. How many possible choices are 
there for the third member? Thus three of the ten possible 
committees include both C and A. 

11. What is the ratio of the number of possible committees 
including both B and E to the n\amber of committees . 
including B? 

Whenever three of the five students are chosen for a special 
purpose, such as membership on a committee, then the remaining two 
have also been chosen — chosen, in the sense of not serving on this 
particular committee. In other words, the selection of a committee, 
in effect, separates the club members into two sets. One method 
for selecting the membership of a committee is to decide which 
club members will not serve. For example, if it is decided that 
a committee should not include C and D, then we know that the 
committee is {A,B,E3 . 

12. Name the committee determined by the condition that A and 
E have been chosen to be non-members. 

13. IVhich two students are picked as being non -members in {E,B,C}? 
The selection of a committee of three members also means a 
choice of another committee with two members, namely the other 
two of the five club members. For example, the selection cf 
fE,B,C} determines the two-member set or committee {A,D). 

1^. Since there are ten possible committees with three members 
each, how many possible committees with two members each are 
there? 

10 



[sec. 7-i] 



283 



15* Sinoe six of the possible three-member committees include B, 
how many of the possible two-member committees exclude B? 

16. How many of the possible two-member committees include C? 

17. Find the answer to Problem 16, using the method of filling 
the vacancy in (C,?), 

Exercises 7-la 

1. From the club (A,B,C,D,E), one possible committee with four 
members is (A,B,D,E). 

(a) Make a list of all the possible committees, each with 
foxir members. 

(b) How many in the club are excluded each time a committee 
with four members is formed? 

(c) Make a list of all the possible committees with one 
member each. 

(d) What relationship is there between the nvimber of 
possible committees with four members each and" the 
number of possible committees with one member each? 

(e) How many committees are there with all. five as members? 

2, A club has foxir members whom we may call K, L, M, N. 

(a) How many possible committees in this club could have 
four members? 

(b) How many possible committees could be formed with one 
member each? 

(c) Name each of the possible one-member committees. 

(d) To each one-member committee there corresponds, in a 
natural way, a committee with three members. What is 
that natxxral way? 

(e) Use parts (c) and (d) to make a list of the possible 
committees with three members each. 

11 
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(f) Make a liat of the poaaible oommitteoa with two membare 
aaoh, 

3. Make a liat of all the poaaible oommitteea, and note how many 
oommitteea there ore of eaoh size in a olub with three 
membera. (Call the olub menibera P, Q, and R.) 

h. Do aa direoted in Problem 3 for a olub with two membera. 
Name the membera U and V. 

5. Do as directed in Problem 3 for a olub with Just one member. 

6. A family would enjoy eaoh of four vacation apota. It ia 
deoided to choose two of the four and spend part of the 
vacation time at each of the two. How many possible ohoicea 
are there for the pair of vacation places? 

7. The refrigerator holds two cartons of ice cream, rhe dairy 
has five flavors, and the family always likes to buy two 
different flavors. How many times can the family go to the 
dairy and bring home a different pair of flavors? 

Let us make a table showing the number of possible committees 
with a given nvunber of members from a club with five members. 
This table will summarize several of the results we have obtained 
in previous problems. In a club with five members, there are 5 
possible committees with one member, 10 committees with two 
members, 10 committees with three members, 5 committees with four 
members, 1 committee with five members. The selection of a 
committee which includes all five club members (sometimes referred 
to as the "committee the whole") means that there are zero club 
members not serving. Thus we may balance our table by saying that 
there is one possible committee with zero members. (You may wish 
to compare this agreement with the remark that there is Just one 
empty set.) 

If we arrange our data according to increasing size of 
committees, we have the following sequence: 

1 5 10 ; 10 5 1 
[sec. 7^1] 

12 



285 



These six numbers tell us how many possible committees of various 
sizes can be chosen from a club membership of five. 

The same type of data, for a club membership of foxir, is the 
following: 

1 4 6 4 1 

Be sxire that you understand the significance of each of these five 
entries • 

We now have two of the rows in the table we are constructing. 

Class Exercises 7 -lb 

1. In particular, what does the last 1 in the data 
1, 4, 6, 4, 1 mean? 

2. l^^hat does the first 1 mean? 

3. V/hat is the corresponding listing for a club membership of 
three? 

4. How can you interpret the data 

1 .2 1 ? 

5. V/hat data of this type do we have for a club with only one 
member? 

Let us collect into a table the data for the various 
clubs. Each row of the table below shows the Information for 
a club of a certain size. 

1 1 

* 1 2 1 

13 3 1 
1 4 6 4 1 
1 5 10 . 10 5 1 
Let us examine again the entry in the table telling how many 
possible committees of three members each can be named from the 

13 
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club {A,B,C,D,E}. In the table the entry is which of the 10«s? 
A committee of three may include E or it may not. We .will 
- s-tudy these two cases in more detail. 

6. How many possible committees with three members include E? 

7. A committee including E is of the type (E,?,?}. How many 
vacancies appear? I^^om how many members can these vacancies 
be filled? 

8. In view of Problem 7, compare the answer to Problem 6 with 
the n\;unber of possible two-member committees in a club of 
four members , 

9. How many possible committees with three members exclude E? 

10. A committee excluding E is of the type C?j?j?} where no 
blank may be filled with E. How many vacancies appear? 
From how many possibilities can these vacancies be- filled? 

11. In view of Problem 10, the answer to Problem 9 is the same as 

the number of committees with (how many?) members 

from a club of (how many?) members. 

By encircling we show in the table below the three 
entries we have been studying. 




The entry 10 is the sim of the two ni:mibers, 6 and 4, 
nearest it on the preceding line. 

The table vie have been studying is a part of the array known 
as the Pascal triangle. (The J-'rench mathematician, Pascal, seven- 
teenth century, contributed to geometry and the theory of 
probability.) The table would resemble even more an equilateral 
triangle if we supplied. a vertex at the top; this is sometimes 

14 
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done, , but we shall not be concerned with it. In our version of the 
Pascal triangle, the first, second, third, fourth, and fifth rows 
show the numbers of possible committees from a club of one, two, 
three, foxzr> and five members, respectively. Copy the "triangle" 
and add the row corresponding to a club with six members. 

Exercises 7-lb 

1. Check that (except for the ones) every entry in the table is 
the sum of the two numbers nearest it on the pi'eceding line. 

2. (a) \Ihat does the 6 in the fourth row mean? 

(b) V/hat does the first 3 in the third row mean? 

3. (a) What does the second 15 mean in the sixth row? 

(b) What does the second 10 mean in the fifth row? 

^. (a) Which entry indicates the n\mber of possible committees 
with two members formed from a club of six members? 

(b) V/hich entry indicates the n\amber of possible committees 
with one member formed from a club of five members? 

5. A club has six members, which v/e denote as A, B, C, D, E, P. 

(a) Some of the possible committees with two members are 
{A,B}, {A,C}, {C,E}. Make a list of all fifteen of 
these committees. (Write yo;ir list down a page, using 
fifteen rows . ) 

(b) On the right-hand side of your answer to (a), make a list 
of all the possible committees with four members. 
Specifically, for each committee in the list for (a), 
write beside it the committee whose four members are 
excluded from the committee with tvra members. As an 
example, one line on your answer sheet will be: 

{A,C] {B,D,E,P} 

(c) After you have written your list of committees with four 
members each, how can you obtain the n\:miber of these 
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possible committees by adding two numbers obtained from 
the fifth row of the Pascal triangle? 

(d) Make a complete list of all possible committees with 
three members each. 

(e) Does the ni;unber of committees listed in (d) agree with a 
niimber obtained from the fifth row of the Pascal 
triangle? 

6. Find the seventh row of the Pascal triangle. 

7. Find the eighth row of the Pascal triangle. 

8. What are the first two .entries (on the left) in the twenty- 
third row of the Pascal triangle? 

9. What are the last two entries (on the right) in the fifty- 
seventh row of the Pascal triangle? 



7-2. Permutations 

Suppose that the cr^t^b venose five members are A, B, C, D, .and 
E chooses an executive cc.Laittee to conduct the business. The 
executive committee has three members and is composed of B> D, 
and E. These three jnembers, in a meeting of the committee, 
decide that they should assign responsibilities. One should be 
chairman, another be secretary, and the third be treasurer for the 
club. In how many ways do you believe these Jobs can be given to 
the three? 

Class Exercises 7-2a 

1. If D is chosen chairman, in how many different ways can the 
other two Jobs be distributed betv'een B and E? 

2. List each of these ways in detail, by telling which Job each 
one would have. 

16 ^ 
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If E is chosen chairman, in how many different ways can the 
other two be given Jobs? 

In how many different ways car: the three offices be assigned 
to the three if B is chairman? 

In how many different ways can the three offices be assigned 
to the three members of the executive committee? 



Exercises 7-2a 

A club has eight members whose initials are A, B, C, D, E, F, 
G, H. An executive committee (A,F,H) distributes its Jobs 
among its members. One possible v/ay is: 

Chairman A, Secretary H, Treasxirer P. 

(a) Make a list of all possible ways of assigning these three 
Jobs to the three members of the committee so that each 
person has a Job. ^ 

(b) How many ways are there? 

Four boys— Paul, Ron, Sam, and Ted—will participate, one 
after another in a relay race. 

(a) One possible order of running is as follows: 

First, Paul; second, Sam; third, Ron; fooirth, Ted. Make 
a list of all the possible orders of performance. Note: 
One way to make this list is to fix attention on the 
position and tabulate how the boys can be fitted in (use 
P, R, S, and T to represent the boys). Such a table 
might begin like this: 



17 
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^ ^ ^ ^ 

(D (D <D (D 
4 4 4 4 

12 3 4 12 3 4 12 3 4 * 12 3 4 

PR ST RPST SPRT TPRS 

p R T S R P.T S S . . . T . . . 

PSRT R... S,,. T... 

PSTR R... S... T.., 

P T R S R .* . . S . . . T . . . 

PTSR R... S*. T... 



Complete the listing. Save it for further use* 
(b) How many different teams are in yoxir list? 

3. Assvime that a group of people are asked in a poll to express 
their preferences concerning potatoes. The possible choices 
are baked, mashed, and frerich-frled potatoes. They are to 
indicate which they like best, next best, and least. How 
many different orderings of preferences are possible? 

4. Three different presents are given to three children. In how 
many different ways can the gifts be distributed among the 
children? 

5. Pour horses are to be assigned positions at the post in a 
race. In how many ways is it possible to distribute the 
horses among the first, second, third, and fourth positions?. 
If you prefer, you may use the answer to another problem in 
this set of exercises rather than making a new list. 

6. A salesman works five days doiring the week. He has customers 
in five cities. He spends one day each week in each city. 
Clayville is only six miles from his home and he goes there 
each Monday. Since he does not enjoy routine in his 
traveling, he likes to match the other weekdays with the four 

18 
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remaining cities in as many ways as possible. How many weeks 
can he work without being obliged to repeat any route fo^ a 
week? 

7. A stenographer has four envelopes addressed to Adams, Brown, 
Clark, and Davis, respectively. She has four letters written 
to these four men. She puts one letter in each envelope. In 
how many ways might she do this so that one or more of the 
letters is placed in the wrong envelope? Is it possible to 
place just one letter in the wrong envelope? 



There is an obvious difference between the problems you have 
Just been working and the problems of Section 7-1. In Section 7-1 
the order in which you named individuals did not matter. For 
example^ the committee {A,B,C) was the same as committee (C,B,A]. 
There, we were Interested only in the set containing the three - 
elements A, B, and C. 

In the last group of class exercises, we were forming 
executive committees of the individuals B, D, and E. Let us agree 
that, when vje name such a committee, the first-named will be 
chairman, the second will be secretary, and the third treasurer. 
Thus {B,D,E) would represent B as chairman, D as secretary and 
E as treasurer. For example, the executive committee {E,B,D) 
would be different from the executive committee (D,E,B). In the 
relay race problem, the relay team PTRS would be different from 
the team RTFS, because the order in which the boys run is 
different. In Problem 3 of the last set, the preference listing 
{mashed, f rench-fried, baked) is different from the listing 
{french-fried, mashed, baked) because of the order in which the 
items are listed. Such problems in which the order is Important 
are called permutation problems. 

Different arrangements (or orderings) of the objects or 
persons are of interest in a permutation problem. We would say 
that PTRS and RTPS are two different permutations (or arrange- 
ments) of P, R, S, and T. So, in tge relay race problem, we want 
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to covmt the nvunber of permutations of four things, namely P, R, 
S, and T. In the preference-poll problem, we needed to coimt the 
number of permutations of three things; namely, three ways of 
cooking potatoes. 

Definition . A permutation of a set of elements is 
an arrangement of the elements of the 
set in some order . 

How to Count Permutations 

Up to this time you have been coimting the number of permuta- 
tions merely by listing them. You had to be careful to list them 
in an oi^derly fashion and not to miss some permutations. A faster 
and more efficient method of coimting is needed, especially if a 
large number of objects is involved.- 

Suppose you want to indicate your preference for three flavors 
of ice cream — vanilla, strawberry, and chocolate (name these by 
letters V, S, and C). Yoi.; want to designate first, second, and 
third preferences. Your possible listings are, by columns: 

1 2 3 

VSC SVC CSV 

VCS SCV CVS 

Note-that V is first preference in Column 1; S is first pref- 
erence in Coliamn 2; C is first preference in Column 3. This 
indicates that you could. choose your first preference in any one 
of three ways. Suppose now that you have chosen first preference 
as V. There were two ways of choosing the second preference, 
either S or C. (You can see this in Column 1.) If your first 
preference had been S, how many choices were there for second 
preference? If your first preference had been C, how many were 
there for second choice? For each possible first preference there 
were two possible second preferences. Since the first preference 
could be chosen in any of 3 v/ays, and for each of these, the second 
could be chosen in 2 v/ays, the total niamber of choices for the 

20 
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first two preferences is what nuir.ber? it is hoped that you said 

3.2 ways. There remained then only one choice for the third, 

preference. Hence the total number of choices for all 3 pref- 
erences is 3'2'1. 

Another way of thinking about this problem is to use boxes to 
indicate the three preferences. 



For your first preference you have 3 possible choices, ■ which you 
may indicate by a 3 in the first box. Once this first preference 
has been given, you have only two possible choices for second pref- 
erence. This is indicated by placing a 2 in the second box. 
Now, having chosen your first preference and also your second 
preference, there is only one possible third preference, which you 
indicated by a 1 in the third box. Thus, the total number of 
preferences is 3-2.1. Again, we observe that, for each choice for 
first position, there are two choices for second position. 

As another illustration of this box device, let us look at the 
possible different running orders for the relay team of P, R, s, 
and T discussed in Problem 2, Exercises 7-2a. For first 'rur^er, 
we may choose any one of the four boys. We indicate this by a if 
in the first box of the diagram below: 



Having chosen the first ninner, we may choose any of the 3 
remaining boys to run in second position, v/ith any specified 
choice for the first two positions, we have two possible choices 
for the third position. Finally, having chosen three boys, there 
remains only 1 choice for the fourth position on the team. Hence, 
the total number of possible running orders is k-3-2-1 = 24. 
These- are the 24 orderings of PRST which you enumerated in the 
last paragraph. 



21 
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Exercises 7 -2b 

1. Two-digit niomerals are to be formed using the digits 6, 7, 
and 8. No digit is to be used more than once (that is, 
nxomerals like 77 are not permitted here) . 

(a) How many choices are there for the first digit? 

(b) The first digit having been chosen, how many choices are 
there for the second digit? 

(c) How many two-digit numerals of the type permitted can be 
written? (Leave the answer as an indicated product.) 

In the following problems leave all answers as indicated products 
(9*8 shoTild not be written as 72).. 

2. Use digits 1, 2, 3, 4, 5, 6, 7, 8, and 9 and form two-digit 
numerals as in Problem 1. How many such can be formed? 

3. How many different two-letter "words" can be formed using the 
letters of our alphabet? No letter is to be used more than 
once. (The "word" formed need not make sense— the two-letter 
arrangement tg is a "word" in this sense!) 

4. Use the digits 6, 7, 8, and 9, not permitting the repetition 
of any digit (as in Problem l). How many four-digit numerals 
can be formed? 

5. Use digits 1, 2, 3, 4, 5, 6, 7, 8/and 9; repetition of a 
digit is not permitted. 

(a) How many three-digit niomerals can be formed? 

(b) How many foxrr-digit niomerals can be formed? 

(c) How many six-digit niomerals can be formed? 

6. Pour persons enter a room which contains 15 chairs arranged 
in a row. In how many different ways could the persons be 
seated in this row? 

7. Suppose there are n chairs placed in a row. Two persons are 
to be seated. 

(a) How many choices does the first person have? 
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(b) After the first person is seated, how many different 
choices remain for the second person? 

(c) Is your answer to part (b) the same for each chair the 
first person may choose? Why? 

(d) How many different pairs of chairs can the two people 
choose? 

(e) • Find the number of ways three persons can choose chairs 

from the n chairs placed in a row. 

(f) Find the number of ways fovir persons can choose chairs 
from the n chairs placed in a row. 



In Problem 1 above you found the number of permutations (or 
orderings) of 3 different things arranged two at a time. We will 
use the symbol Ps^g this number. In Problem 3, you were 

asked to find 'p2S,2' number of permutations of 26 different 
things arranged 2' at a tUne. Using this notation in Problem 7(d) 
we wished to find F^^^; in Problem 7(e) we wanted to find P^ 3, 
the number of permutations of n different things arranged 3' at 
a time. 

In general, we say: 

^n,r nxjmber of permutations of 

n different things arranged 





r at a 


time. 


According 


to yovu? results 


in the preceding probl 


^4,2 


= 4.3 


^9,2 ^ 9-8 


^4,3 


= 4.3-2 


^26,2 =26-25 


^4,4 


= 4-3-2-1 


^15,4 ^ 15-14-13-12 


n,2 


= n(n-l) 


^n,3 = n(n-l)(n-2). 



The symbol P^^^ makes sense only when n and r are counting 
numbers and r ^ n. 
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There Is a special case of ^ which Is of considerable 
Importance. In Problem 4 you were finding "the niomber of penau- 
tations of 4 things arranged 4 at a time," or, in abbreviated 
form, Pij The answer was "Pi^ = 4 -3 •2-1. This nvimber is the 
product of all the covinting nimbers in succession from 1 to 4. 
Similarly, P^ ^ = 5- 4- 3- 2-1 is the product of all counting 
numbers from i to 5. Such products using successive counting 
ntraibers as factors occur frequently in mathematics and we have a 
special symbol for thsm. We write 5! = 5-4-3-2-1 and we read 
5! as "five factorial." Similarly, "fovir factorial" is 4! = 
4-3-2-1. 

In general, n factorial (written n!) means the product of 
all covinting numbers in succession from 1 to n. Thus, 

n! = n- (n-1) •(n-2) • ... •3-2-1. 
Note that it Is equally correct to v\n'ite: 

4! = 1-2-3-4 

5! = 1'2'3'4'5 and 

n! = 1-2-3- ... •(n-l)-(n). 

In much of yovir work here it is probably more convenient to write 
n! as n-(n-l)- ... •2-1, but you may write n! =l-2-3- ... -n 
if you wish. 

You should check, on a separate piece of paper, that 



1! 




1 




2! 




2-1 = 2 




3! 




3-2.1 = 6 




4! 




4.3-2-1 = 


24 


5! 




5-4-3-2-1 


= 120 


6! 




6-5-4-3-2 


-1 = 720 


7! 




7-6-5-4-3 


-2-1 = 5,040 


8! 




8-7-6-5-4 


-3-2-1 = 40,320. 



-^4 
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As you see, n factorial increases at a truly remarkable rate as 
n increases. Hence the exclamation point is an appropriate 
symbol to use. (To express the same sentiment, British mathema- 
ticians sometimes read n! as "n admiration"!) 
In o\xr work on permutations we noted that: 

{the nxjmber of permutations of 3I 
different things arranged 3 at ^= 3!, and 
a time J 

{the nxjmber of permutations of 4V 
different things arranged h at >= 4« 
a time / * ' 

By using arguments like those of the previous paragraphs you should 
be able to convince yourself of the truth of the following: 

If n is a counting nxjmber, the nxjmber of per- 
mutations of n different things arranged n 
at a time is n factorial. In symbols, we write 

n,n 



Exercises 7 -2c 

1. E:q>ress the following in product form: 

(a) 6! (b) 7! (c) 10! (d) 15! 

2. Notice that 4! = 4.3-2-1 = 4(3-2.1) = 4(3!). In a sUnilar • 
fashion, write' each of the following factorials in terms of a 
second factorial. 

(a) 7! (b) 6! (c) 10! (d) 12! 

3. Find the quotient of 14! divided by 13! (without perfoming 
any multiplications). 

4. Show, without performing any multiplications, that Si is the 
product of 6, 5, and (4!). 

5.. The- factorial of 10 is the product of 10 and 9 and 
another factor. What is this third factor? 

6. Show that 62! is the same as 62'6l'(60!). 
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7. How many different batting orders are possible for a baseball 
team of nine players? 

8. In a racing boat there are 8 seats, one behind another. In 
how many ways can the 8 members of a university crew take 
these seats? 

9. How many permutations .are there of the letters of the word 
"scholar"? 

10. If one of the members of a baseball team always pitches. In 
how many different playing arrangements can the other team 
members be distributed among the other playing positions? 
There are only nine members available for the team. 



A General Multiplication Property 

In our thinking about arrangements and selections we have 
often made use of the following; 

Multiplication Property . If an operation can be done 
in m ways and, after it has been performed in 
any one of these ways , a second operation can be 
performed in n ways , then the two successive 
^ operations can be performed in m x n ways . • 

As a pleasant illustration of this property, think of the 
problem which faces you in choosing a sundae at a dairy or drug 
store. You have a choice of 3 flavors of ice cream (strawberry, 
vanilla, and chocolate) . After you have chosen the flavor of ice 
cream, you may choose either of 2 toppings (marshmallow or nut). 
You may perform the first selection in 3 ways and then, after you 
have chosen any particular flavor, the second choice. may be made in 
2 ways. Thus the total niomber of different simdaes is 3^2 or 
6. In words. 



The number 
of different 
simdaes 



the niomber 
of different 
flavors 



> X 



the niomber 
^ of different ^ . 
toppings 



26 ■ 
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As a second Illustration, we ask: How many possible license 
plates are there consisting of a letter followed by 2 digits? 
Do not allow zero as a first digit. 

We think of the problem in terms of a box diagram. 



26 



10 



The first position on the license plate can be filled in 26 
possible ways, since we may use any one of the 26 letters of the 
alphabet. The second box may be filled in 9 ways, 'since we do 
not allow a zero in this position. In the third position we may 
use any one of the 10 digits, in all, then, there are 
26-9-10 = 26-90 = 234'0 different license plates possible. 

Note that in the preceding example we have used the multipli- 
cation property for three successive operations. Indeed we often 
use this type of thinking for a number of successive choices. 



Exercises 7-2d 

1. A boy has seven shirts and four pairs of trousers. How many 
different combinations of a shirt and a pair of trousers can 
he choose? 

2. A baseball team has five pitchers and three catchers. How 
many batteries (consisting of a pitcher and a catcher) are 
possible? 

3. If the first two call letters of a television station must be 
KT, how many calls of four different letters are possible? 

h. A disc jockey has 50 records in his collection. He wants to 
make a program of two different records. How many possible 
programs are there? (Count different orderings of the same 
records as different programs . ) 

5. A signalman has six flags. The emblems on the various flags ' 
are-: a stripe, a dot, a- triangle, a rectangle, a bar, and a 
circle. By showing two different flags, one, after the other, 

/ . 
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the signalman can send a signal. How many different signals 
are possible? 

6. How many possible license plates. are there consisting of one 
letter followed by 3 digits? (The first digit may not be 
zero. As in the illustration above, repetition of digits is 
allowed for the 2nd and 3rd digits.) 

7. A SQt of five flags has one of each of the colors red, green, 
T yellow, blue, and white as a signal. Three flags are to be 

hoisted, one above the other on the same mast. How many dif- 
ferent signals are possible? 

8. How many different license plates are possible using two 
letters followed by two digits? The first digit may not be . 
zero. 

9. How many license plates would be possible using 4 digits, 
the first of which may not be zero? 

10. A student has 10 different books, 5 of which he wishes to 
arrange between book-ends on his desk. How many different 
arrangements are there? 

A General Permutation Formula 

Suppose we have a set of seven flags, each one a different 
color. How many different signals may we form from 3 flags, 
hoisted vertically on the same mast? 

A signal thus means an arrangement of 3 of the 7 flags, 
or, as we have said, a permutation of 7 things arranged 3 at a 
time. We use the symbol P« you recall. The first flag may be 
selected from any one of the 7 possi- 
bilities. After it has been selected, 
there remain 6 possibilities for the 
second flag. After both these choices 
have been made, there remain 5 ways . 

of selecting the third flag. By the multiplication property, the 

2:8 
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total niomber of pemutations is 7«6«5, or 

.P7,3=7-6-5. 

This way of thinking allows us to write a general formula for 
the number of permutations- of n things taken r at a time. 
Hhere are n possible choices for the first selection, then since 
there are (n-1) objects left, there are (n-1) possible choices 
for the second selection, (n-2) for the third and so on. There 
will be r stages in this procedure, one for each of the objects 
being used in the pemutation. Hence, there ill be r factors in 
the final product. Accordingly, 

^n,r " n(n-l)(n-2) ... to r factors, where r < n. ' 
As an Illustration of. this, we see that 

^7,5 "(.^^j^^^j, when n = 7, r = 5 
5 factors 

^24,3 = 2j^^23^2, when n = 24, r = 3. 
3 factors 



Exercises 7-2e 

1. Write the product 49-48-47-46-45-44-43 using the form p 

n,r' 

2. (a) Write the number p^^,^ factored form (but do not 

multiply). 

(b) Write the product of P^^.j ^nd 9! in expanded form 
(but do not multiply). 

(c) IS Pi2,3-(9!) = P3^2,12^ Why? 

5. Express, P^^,^ the quotient of two numbers, each of which- 
is a factorial. Hint: See Problem 2(c). 

4. (a) Write the number p^^^^ in product form (but do not 
multiply). ' 

(b) Write "the product of p^q^^ and 161 in product form 
(but do not multiply). 
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(c) What convenient name do we have for the product in (b)? 

5. . Express Pon ii the quotient of two numbers, each of which 

is a factorial . 

6. . Problems 2, 3, 4-, and 5 suggest a way of expressing P^^^ in 

terms of factorials. VJrite P^^^ as a product as is done in 
the paragraph preceding these ■ exercises . 

(a) By what factorial must we multiply P^^^ to obtain (n!)? 

(b) Express P^ ^ as the quotient of two numbers, each of 
c which is a factorial. 

7. A monkey sits at a typewriter and types a "monkey-word" of 
five letters by touching 5 different keys in succession. 

(a) How many possible "monkey-words" of five letters are 
there? 

(b) How many different "monkey-words" of 26 letters each 
would be possible? (Leave your answer in product form. ) 

*(c) How many days would he need to type a complete list of 

the 5-letter "monkey-words" if he typed a new word every 
second? (Assume the monkey to be an ideal typist who 
makes no mistakes and takes no banana-break until the Job 
is done! ) 

8. A telephone dial has a finger hole for each of the ten digits. 

(a) How many telephone numbers, each with five digits but 
with no digit repeated, are possible? 

(b) How many telephone numbers, each with five digits, are 
possible? 

9. Five players on a football squad car; play either- left-end or 
right- end. The five players may be in the lineup in how many 
different ways as left-end or right-end? 

*10. Suppose we want to send messages in code. We use certain 

symbols, say n of them. (The symbols might be letters, or 
flags, or sounds, or designs, or any other type of symbol.) 
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Each message is composed of four different symbols, arranged ' 
in order. The number of possible messages which we may wish 
to send is 1600. What is the smallest number that n can be 
in order to meet the requirement? 



7-3 . Selections or Combinations 

Whenever we have been using the word "permutation, " we have 
been concerned, not only with the elements, but also with the 
arrangement or the ordering of the elements. At the very beginning 
of this chapter, we discussed committees in a club, m a committee 
• such as we studied there, the -members are not arranged in any par- 
ticular manner. The choosing of a committee from a club is an 
illustration of a selection or combination. 

. Definition. A selection of a certain set of n 

"Ejects taken r- at a time is a set 
of r members from the total set of 
n objects with no regard to ordering 
the chosen members . 

Here, n is a counting number and r is a whole number no 
greater than n. The number of selections of a set of n objects 
taken r at a time is of ten represented by the symbol ("). m 
this unit you may read this symbol by saying: "the numbe? of 
selections of n things taken r at a time," or, "the number of 
•combinations of -n things taken r at a time." 

In terms of sets, we may say that (J) is "the number of 
r^subsets in an n-set." By an n-set we mean simply a set of n 
elements. Aa r-subset is a set of r elements, each of which is 
one of these n elements. 

The entries in the Pascal triangle are values of (") for 
example, from the fifth row of the Pascal triangle we find, reading 
from the left, that 

(q) (l) = 5, (|) = 10, (|) = 10, and so on. 
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You will want to note that the new symbol we have introduced 
can be easily distinguished from a fractional symbol, because the 
new symbol does not have a bar between the two numbers and the 
parentheses are always written as part of the symbol. 

Note: Other common symbols for the number of selections 
of ■ n things taken r at a time are ^ and ^C^- 
You will want to be familiar with these symbols, although 
(^) is to be preferred. 

Exercises 7-!?^ 

1, Write the special sjrmbol for each of the following: 

(a) The number of selections of 12 objects taken 7 at a 
time 

(b) The number of perautations of 12 objects taken 7 at 
a time 

(c) The number of combinations of m^ things taken 5 at a 
time 

(d) The number of selections of n + 2 objects taken k at 
a time 

2. Write in words the meaning of each of the following symbols: 
(i) > ^8,4 ^ 521 ; (g) ; ?g^j ; | • 

5, use the Pascal ti-'iangle to find each of the following: 



(a) 




and 




(b) 


(I) 


and 




(c) 


(^) 


and 




(d) 




and 


(1) 


(e) 


CO CVJ 


and 


00 vo 
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^. Suppose that a and b are two counting numbers and let S 
be the^sum a + b. What important relationship between (S) 
and (^) is suggested by Problem 5? (use some ideas in ^ 
Section 7-1 to convince yourself that this relationship is 
true in every case. ) 

5. (a) Find each of the following: 

fS'- (i). (t). (ji;^). 

(b) What general rjotion do these examples illustrate? 
S. (a) Find each of the following: 

(0)' (0). (I). C). 

(b) What general notion do these examples illustrate? 

Show that if n is a counting number different from one, then 



Suppose that a club of. seven members picks three officers. 
With the aid of the Pascal triangle, we learned that the number of 
possible selections of an executive committee is 35. This 
number 55 we may now call (J). Our study of permutations tells 
us that the three offices may be matched with the three officers in 
^5,5 " ^' "^y^- ^® ""^y apply the Multiplication Property and see 
that the number of possible officer assignments is (7).p . rp^e 
first event is the selection of a group of 5 from ^ members. 
The second event is the arrangement of these 5 m the offices. 

On the other hand, we may apply the Multiplication Property to 
find that the number of choices of three members, arranged by 
office, from the club of seven members is 7-6-5, namely 2lO. 
This number, 210, is P^ ^. 

Both vie^,;points yield the same count. Each expression repre- 
sents the total number of possible officer assignments. Therefore, 

33 
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or 



This last ecjuation gives us a way to calculate (^), the n\am- 
ber of selections of 7 different things taken 5 at a time. For 
we can see from the preceding equation that 

(I) =^ 

The same type of argument shows that for two counting niombers 
n and r, with r < n, we can write 



(")-P 



= P 

r,r n,r 



In words, this expression P^^^ = 



the nvunber of 
permutations of 
< n different 
things arranged 
r at a time 



the number of 
selections of n 
^ - { different things 
taken r at a 
time 



simply states that 



the number of 
perrmutations of 
r different 
things arranged 
r at a time 



From this general equation we see that 

P. 



^r^ r! 



and since 



•n,r 



= n(n-l) 



(to r factors) 



we obtain the formula 

/nx ^ n(n-l)(n"2) ... (to r factors) 

r! 

In this fraction, the number of factors in the nimerator is r, 
the same as the number of factors in the denominator. For example, 
when n = 11 and r = 5 we have 

/II X ^ 11-10-9-8-7 
^ 5 ^ 5-^-3-2-l 
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Notice that there are r, five, factors in both numerator and 
denominator. The first factor in the numerator is n, eleven; the 
first factor in the denominator is r, five. 



Exercises 7-3 b 

1. Ten men are qualified to run a machine that requires three ' 
operators at a time. How many different crews of three are 
possible? 

2. A disc Jockey had a set of I5 records. Each night he 
selects 5 records to make a program. How many nights can he 
do this without repeating an entire program? Disregard the 
order in which the individual records occur within a program. 
(You do not need to perform any multiplications, -but may leave 
your answer in whatever symbols you think are convenient.) 

3. Eight points are given in space, and no four of them lie in 
the same plane. (Remember that any three' of them determine a 
plane.) How many different planes are determined by the eight 
points? 

i^. on a certain railway there are 12 stations. How many dif- 
ferent kinds of tickets should be printed to provide tickets 
between any two stations: 

(a) In case the same ticket is good in either direction? 

(b) In case different tickets are needed for each direction? 

5. A restaurant has prepared k kinds of meat, 5 kinds of 
salad, and 5 kinds of vegetables. A platter consists of a 
meat, a salad, and a vegetable. How many different kinds of 
platters are possible? 

6. A girl has four skirts, six blouses, and three pairs of shoes. 
How many weeks can pass v^hile she wears a different costume 
every day? 

3d 
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7. In a game of bridge, a hand consists of 15 cards from the 
playing deck of 52 cards. The number of possible bridge 
hands is 655,015,559^600. Write this number, using a special 
symbol you have studied in this unit. 

8. A salesman has customers in eight cities away from his home. 
He wishes to plan a travel route which will take him to each 
of the eight cities in turn and aftenvards back to his home. 
How many possible routes are there? 

*9. There are eight teams in a baseball league. Daring the season 
each team played every other team five times. ^ How many games 
are played in the league altogether during one season? 

*10. Either one bulb or two bulbs of a string of eight Christmas 

tree lights wired in series are burned out. Suppose you have 
two good bulbs and suppose you try, first one at a time, then 
two at a time, to locate the burned out bulb (or bulbs). How 
many trials might it be necessary for you to make in order to 
find the bulb (or bulbs) that need replacement? 

*11. A man has six bills, one each of the amounts of $1, $5j $10, 
$20, $50, $100. How many different sums of money may be 
formed by using one or more of these six bills together? 



7-^. Review of Permutations and Selections 

In this chapter we have studied ways of counting all possible 
arrangements, or permutations, of a set of elements and of counting 
all possible subsets of a given size. We have called one such sub- 
set a selection, or combination. It is in^ortant that you keep in 
mind the terms, permutations and selections, and that you under- 
stand the principles on which the counting methods are based. It 
,is not so important at this level of your study of mathematics that 
you remember particular formulas. 

In the exercises of this section the basic ideas associated 
with permutations and selections tnky be applied. 
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Exercises J-h 

1 . How many "donkey" words of six letters each can be formed from 
the letters of the word THEORY? ("Donkey" words need not 
make sense. ) 

2. A girl bought two new skirts and three new sweaters. How many 
-rr.-^ different outfits consisting of a new skirt and a new sweater 

can she wear? 

3. Ten years after graduation a class held a reunion to which 96 
persons came. If each person shook hands with everyone 
present, how many handshakes were there? 

^. A certain make of automobile has 3 body types, 7 choices 
of upholstery, and 5 color schemes. In order to show all 
possible cars at an exhibit, how many cars are necessary? 

5. Five Indians walked one behind the other in the woods. Into 
how many different orders could they place themselves? 

• 6. Prom 14 men how many different committees of 5 can be 
formed? 

7. A troop of Sea Scouts has 8 different flags. How many dif- 
ferent signals can they send by flying 3 flags at a time on 
a pole? 

8. The call letters of a certain broadcasting station begin with 
W. How many different call letters using only 3 letters can 
be used? Repetition of a letter Is allowed. 

9- How many automobile license plates bearing just 5 digits can 
be made if 0 Is not permitted as the first digit? 

10. A housewife wishes to arrange 5 books on her desk. She has 
8 books from which to choose. The 8 books have different 
colored covers and are of different size. Does she have a 
problem Involving permutations or selections? what Is the 
number of different patterns that she can look at? 



37 
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11. A housewife wishes to read 5 books in the next two weeks. 
There are 8 books from which to choose. Does she have a 
problem involving permutations or selections? How many dif- 
ferent sets of five books may she choose to read? 

12. Three points determine a plane and 2 points determine a 
line. Prom five points no four of which are in the same plane 
and no three of which are on the same line, 

(a) How many planes will be determined? 

(b) How many lines will be determined? 



38 
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Chapter 8 
PROBABILITY 



8-1. Chance Events 

This chapter will be concerned with chance events. For ex- 
ample, a weatherman makes a forecast of the future weather. His 
forecast, "Rain," Is more accurately a probability statement, "it 
will probably rain." Similarly, you may predict that "The Green 
Shirts will win the pennant," but what you mean to say Is "it 
is likely that the Green Shirts will win the pennant." 

Probability has many practical uses. For example, federal 
and state governments use probability: In setting up budget require- 
ments; military experts use It In making decisions on defense 
tactics; scientists use It In research and study; engineers use 
probability In designing and manufacturing reliable machines 
Planes and satellites; big business companies use It In mathemati- 
cal studies to help make difficult decisions; Insurance companies 
use It In setting up life expectancy tables. 

Some examples of games of chance will be used to help you 
understand what probability means and how It may be used. Such 
games give us excellent mathematical models for use In studying 
probability. The examples are not used with the Idea that gambling 
Is to be encouraged. Rather, the Information In this chapter 
should help you begin to understand why "most gamblers die broke." 

In Section 1 we shall study some Ideas about statements Involv- 
ing chance events, like "The Brown Sox will win," or "Sandlot will 
win the race," or "if I toss a coin and allow It to fall freely. It 
will show heads." We will concern ourselves with a "measure of' 
chance" that an event will happen. This measure of chance Is also 
called the probability that the event will occur. At first we will 
use a mathematical model where we can count the possible outcomes. 
The game of tossing a coin can be used as a model, if we toss a 
com and allow it to fall freely, either a head will show or a 
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tail will show. We assume the ooin is perfectly balanced and that 
neither side is weighted in any way. Such a perfectly balanced 
coin is sometimes called an "honest coin," 

Consider the question, "What is a measure of chance that if we 
toss a coin and allow it to fall freely a head will show?" 

In probability it is useful to use a number to indicate the 
measure of chance that an event will happen. If we toss a coin we 
consider two possible outcomes: (l) a head will show or (2) a tail 
will show. That the coin will show a head is one favorable out- 
come out of two possible outcomes. We say the measure of chance 
that the coin will show a head is ^, 

If an event is governed by chance, then it has a certain prob- 
ability of happening. If we use the letter "A" to represent the 
event that the coin will show a head, then we can call ^ the 
probability of the event A. This is the same as saying that the 
measure of chance that the event will occur is ^. We can rep- 
resent the probability of the event A as 

P(A) = J. 

If we use the letter "B" to represent the event that the coin 
will show a tail, we are concerned with the probability of b. We 
can represent this with the symbol P(b). Thus, 

P(B) = J. 

It is important that you understand that in the above case 
P(A) = P(b), That is, each event is equally likely to occur. 
Any two statements which predict events that are equally likely 
have the same probability. 

Suppose you have tossed an honest coin five times and it showi 
a head each time. What is the probability that the coin will show 
a tail on the next toss? Some people believe that the odds will 
change, that the "forces of luck" will act to force the coin to 
show a tail until a balance is restored between the showing of 
heads and tails. Not so! The probability that the coin will 
show heads remains ^ for each toss. In probability we do not 
say that if the coin shows a head on the first toss it must show 
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a tall on the second toss. 

Suppose you use two pennies. What Is the measure of chance 
that If two coins are tossed, one head and one tall will show? 
That Is, what Is the probability that the event of one head and 
one tall showing will occior? The table below shows that there 
are four possible outcomes: 

Possible Outcomes 
First Coin Second Coin ' 

Head Head 
Head Tall 
Tall Head 
Tail Tail 
There are two outcomes showing one head and one tail. Two out- 
comes out of four possible outcomes are favorable. The probability 
that the . event will occur is -j^ or ^. If we use the letter 
"E" to represent the event, we may write 

P(E) = J. 

What is the probability that exactly two heads will show if 
two coins are tossed? It does not make any difference whether 
the coins are tossed at the same time or one following the other. 
Of the four outcomes, how many ways are there for this event to 
occur? If we use the letter "G" to represent the event that 
two heads show, we may write the probability of the event G as 

Note that in this example, events E and G are not equally 
likely. Their probabilities are different. 
We may write the formula: 

where P(E) is the probability that an event E will occur, 
t is the nimiber of possible outcomes in which E occurs, s is 
the total number of possible outcomes. If r is the ntjunber 
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of possible outcomes in which E does not occur, then we may say 

P(not E) = I . 

Since 'either E occurs or E does not occiir, t + r = s, and 

P(E) + P'(not E) = I + |. = = f = 1. 

On the assijmiption that an event E either occurs or does not 
occvr, then 

P(E) + P(not E) = 1. 

If an event K is certain to happen, P(K) = 1. 
If an event L cannot occur, P(L) =0. 
Thus, we conclude that for any^ event M 

0 < P(M) < 1. 

This nxjunber sentence is read "P(M) is greater than or equal to 
zero and less than or equal to 1." 
Why is P(m) never greater than 1? 

Exercises 8-la 

1. Two black marbles and one white marble are in a box. With- 
out looking inside the box, you are to take out one marble. 
Find the pi?obability of the event that when, without looking, 
one marble is taken out of the box, the marble will be black. 

2. Using the data* in Problem 1, find P for the event that if 
one marble is taken out of the box, it will be white. 

3. Suppose you have tossed an honest coin nine times and it 
has shown a head each time. 

(a) Consider the above as one event. Is this event likely 
to occur? Explain your answer. 

(b) What is the probability that the coin will show a tail 
on the tenth toss? 

(c) Does the outcome of the first 9 tosses have any 
: effect on the outcome of the tenth toss? 

42 
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4. There are 25 students In a class, of whom. 10 are girls and 
15 are boys. The teacher has written the name of each pupil 
on a separate card. If a card is drawn at random, what is 
the probability that the name written on the card is: 

(a) the name of a boy? 

(b) your name (assuming you are in the class)? 

5. Suppose a box contains 48 marbles. Eight of the marbles • 
are black and forty of the marbles are white. Find P for 
the event that if a marble is picked at random (without look- 
ing in the box), it will be white. 

6. Using the data for Problem 5, consider the e^.ent: "If, with- 
out looking, nine marbles are taken out of the box, all of 
the marbles will be black." 

(a) Is the outcome in this case possible? 7 ^ 

(b) What measure of chance can we assign to such an outcome? 

7. Prom a large amount of evidence, we know that boys and girls 
are born in about eqvial frequencies. On the average, half 
of all babies born are boys, and half are girls. In a given 
birth, then, the probability of a baby being a boy is ^ . 
Likewise the probability of its being a girl is ^ , since 
no other outcomes are possible. (We exclude for the moment 
the possibilities of twins, triplets and other multiple 
births.) Then, P(boy) = ^ and P(girl) = I* . Let us assume 
that these measures of chance hold for any particular family 
as well as in general. 

(a) Mr. and Mrs. Jones already have one boy when the second 
baby arrives. What is- the probability of its being a 
.boy? A girl? (It is important to remember that each 
birth is an independent event, and not influenced by 
previous births . We agree that the fact that the 
Joneses already had a boy does not affect the probabil- 
ity of the second baby being a boy or a, girl.) 
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(b) Mr. and Mrs. Richards have eight children, all girls, 
when the ninth baby arrives. What is the probability 
of its not being a girl? 

In a newspaper you read: "He has a 50-50 chance of winning 
the election." 

(a) What is the probability that he will win? 

(b) Suppose a measure of chance is less than ^. What 
does this mean in terms of the outcome of an event? 

Is the outcome very likely or not very likely to occur? 

If a whole number from 1 to 30 (including 1 and 3o) is 
selected, what is the probability that the niomber will be a 
prime number? Assume that the selection is made so that one 
munber is Just as likely to be chosen as any other. 

Three hats are in a dark closet. Two belong to Mr. Smith 
and the other to his friend. Being a polite person, when 
his friend is ready to leave with him, Mr. Smith reaches in 
the closet and draws any two hats. What is the probability 
that he will pick two wanted hats, his friend's hat and one 
of his own hats? 

Suppose you have five cards, the ten. Jack, queen, king, and 
the ace of hearts. 

(a) V/hat is the chance that the first card you draw is the 
ace? 

(b) Assume that you draw the Jack on the first draw, and 
put it aside. What is the chance that the second 
card you draw is the ace? 

(c) Are your answers for (a) and (b) the same? Why? 

(d) After drawing the Jack, and putting it aside, assume 
that the second^ card you draw is the ten. Put that 
aside also. What is the chance that the third card 
you draw is the ace? 

(e) What is true of the measure of chance of the drawings 
in (a)7 ^^b), and (c) as the number of cards decreases? 
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In some of the problems you determined the measure of chance, 
which we call probability, by listing all possible outcomes. This 
is easy when there are only one or two coins, but as the number of 
coins increa,.ses, it is difficult to remember all the possibilities. 
Let us see if-we can discover an, easy, accurate way to make these 
listings. 

The table for two coins shows this pattern: 

Possible Outcomes 
First Coin Second Coin 

H H • . 

H T * 

T . - H 

T T 
("H" represents heads and "T" represents tails,) 

Note that the first column is grouped by twos; H, H, T, T. The 
second column is grouped alternately; H, T, -H,^ T. Compare the 
pattern in the table for two coins with the pattern in the table 
for three coins shown below: 

Possible Outcomes 

First Coin Second Coin Third Coin 

H H H 

H * H . T 

K T H • 

^ H T T 

T H , H 

T • H T 

T T H 

T T T 
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Note how each column is grouped: the first by fours; the second 
by twos; the third alternately^ H and T.- This is one systematic 
way in which the nvimber of possible outcomes might be listed in 
order to count the possibilities. 

How many possibilities are there for one coin? You know that 
there are only two^ H or T. What did you find for the 
possibilities^i/hen two coins are tossed? There were twice as 
many possibilities because for each possibility "for one coin 
there were two possibilities for the second coin. This is 
pictured in the following diagram. 

One Coin Second Coin 




For each possible arrangement for two coins^ there are two possi- 
bilities for the third coin. rOcxxxs, the number of possibilities 
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for three coins is eqtial to 2 X (the number of..-possibilities for 
2 coins). In general you should now understand that each time one 
more coin is used the n^;mlber of possibilities is then doubled. How 
many possibilities would there be if four coins were used? Recall 
that there were eight possibilities with 3 coins. 



In summary: 

Number of coins Total number of possibilities 

1 2 

* 2 2'2 = 2^ = 4 

3 2.2.2 = 2^ =8 

4 2-2-2.2 = 2^ =16 
• • . . 

10 2»2«2-2«2«2-2«2-2«2 = 2*^^ = 1024 

5 

/ ^ n 

n 2.2.2. ... .2 = 2" 



(Notice that each entry in the right column is twice that above it.) 
We can express this result as a formula: 

T = 2" 

T. is the total nijmber of possibilities, 
2 is the n\;miber of possibilities for one coin, 
- n is the nijmber of coins. 

*Some of you may want to try to Justify the general formula 
of this type: 

T = s" 

T is the total nijmber of possibilities, 

s is the nijmber of possibilities for one object, 

n is the total n\;miber of objects used. 

[sec. 8-1] 



320 



If the possibilities of an object are A, B, and C, what would 
be the number of possibilities for two of these objects? 

T - s"" 
T = 3^ 
T = 9 

There are nine possibilities for two objects, each having 
three possibilities. 

In making tables, as in the cases of tossing two or three 
coins, all possible outcomes of events were listed. The probabil 
ity is based on the outcomes listed in the table. In the tables 
discussed we assume that each separate possibility, or outcome, 
has the same chance of occurring. We say that each outcome is 
"equally likely", to occur. 

In this section we have been-"Cance^^ with some simple 
events governed by chance. We assigned measures of chance, 
which we called probabilities, for the outcomes of these events. 
The numbers we used to represent "P" were numbers like one-half, 
two-thirds, one-fourth, and so on. If we actually toss an 
honest penny once, we cannot predict whether it will show a head 
or a tail. But if we toss an honest penny a million times, then 
it is almost certain that the number of heads will be between 
'490,000 and 510,000. The ratio of heads shown to the number 
of tails shown almost certainly will be between and -j;^. 

We cannot in this chapter study all the mathematics that is 
required as a basis for such conclusions. 

It should be kept in mind that probability is not the 
tossing of coins or drawing of cards. Probability is a part of 
mathematics which has been found exceedingly useful in describ- 
ing chance aspects of games, selections, science, business, and 
activities of government which are not completely predictable. 
In this chapter we will study some of the more elementary ideas 
of this mathematical theory. 
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Exercises 8-lb 

If three honest coins are tossed^ what is the probability 

that three heads will show? Refer to the table in the previou 

section showing 8 possibilities for 3 coins. 

If three honest coins are tossed^ what is the probability 
that two heads and one tail will show? 

Without listing them, determine the number of possible 
outcomes in tossing five coins. 

There are 35 bricks, of which five are gold. What is the 
chance that if you pick a brick at random you will pick a 
gold one? ("At random" in this case means "without looking 
and without lifting.") 

(a) If one penny is tossed, what is the chance that a head 
will show? 

(b) How many heads might you reasonably expect to get if 
the penny is tossed 50 times? 

A bowl contains five white marbles, three black marbles and 
two red marbles. 

(a) What is the chance that you will pick a white marble in 
one draw? 

(b) Assiaming you pick a white marble the first time and 
do not replace it, what is the chance that you will 
pick a black marble the second time? 

(c) Assiam'ing you pick a white marble the first time and a 
black marble the second time and do not replace them, 
what is the chance that you will pick a red marble 
the third time? 

The letters A,. B, C, D, E, and P are printed on the faces 
of a cube (one on each face), 
(a) If one cube is rolled, how many possible outcomes are 
there? We will consider the side facing up as the 
outcome in this case. ' . 
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(b) If two cubes are rolled at the same time, how many 
outcomes are there? 

(c) What is the chance that B will show if one cube is 
rolled? 

(d) What is the chance that two E's will show if two cubes 
are rolled at the same time? 

8. A regular tetrahedron is a solid having four faces. The 
letters A, B, C, and D are printed on the faces. 

(a) If a regular tetrahedron is rolled (or tossed in the 
air and allowed to fall freely), how many possible 
ways are there for it to stop (or fall)? Note that 
in this case we will consider the side on which the 
object rests as showing the outcome. That is, the 
face that is the base may be marked A, B, C, or D. 

(b) Find the measure of chance for the following statement: 
"If the tetrahedron. is rolled it will stop on side A." 

(c) How many possible outcomes are there if two such tetra- 
hedrons are rolled? 

(d) How many possible outcomes are there if thre^ such 
tetrahedrons are rolled? 

• 9. Notice the pattern that is involved in a count of the n\aint)er 
of outcomes in^ tossing coins. H is a head; T is a tail; 
(H,T) is a head and a tail in either order. 

1 coin 1(H) i(T) 

2 coins 1(H,H) 2(H,T) 1(T,T) 

3 coins 1(H,H,H) 3(H,T,T) 3(T,H,H) 1(T,T,T) 
Add a fourth and fifth line in this table. 

Why does this remind you of Pascal's triangle? 

10. Use Problem 9 to find the probability of getting two heads 
and two tails if four coins. are tossed. 

50 
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11- Give the pirobabilities of each of the six possible outcomes 
when five coins are tossed. Is their sum one? 

12. If five coins are tossed, what combinations of heads and 

tails are most likely to occur? Why? Hint: See Problem g. 

*13. When six coins are tossed, what is the chance that one and 
only one will show heads? 



8-2. Bnpirical Probability 

Among the most important applications of probability are those 
in Situations where, we cannot list all possible outcomes. For 
example, the table shows a small number of weather forecasts, only 
those from April 1 to April 10. The actual weather on these dates 
is also given. 



Date Forecasts 

1. Rain 

2. Light showers 

3 . Cloudy 

^. Clear 

5- Scattered 
showers 

6. Scattered 
Showers 

7. Windy and 
cloudy 

8 . Thunder- 
showers 

9. Clear 
10. Clear 



Actual weather 

Rain 

Simny 

Cloudy 

Clear 

Warm and sunny 



Scattered 
showers 

Overcast and 
windy 

Thimdershowers 



Cloudy and rain 
Clear 
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Yes indicates the forecasted 
event did occur, "No" that it 
did not. 

Yes 

No.. 
Yes 
Yes 
No 

Yes 

Yes 

Yes 

No 
Yes 
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Observe that forecasts 1, 3, k, 6, 7, 8 and 10 were correct. 
We-have observed ten outcomes. The event of a correct forecast 
has occurred seven times. Based on this information we might say 
the probability that future forecasts will.be true is This 
number is the best estimate that we can make from the given 
information. In this case, since we have observed such a small 
number of outcomes, it would not be correct to say that our 
estimate of P is dependable. A great many more cases should be 
used if we expect to make a good estimate of the probability that 
a weather forecast will be accurate. You will understand, of 
course, that there are a great many other factors which affect 
the accuracy of a weather forecast. The example here merely 
indicates something about how successful a particular weather 
office has been in making weather forecasts — in this case, only 
for a small number of days . 

On September 15, a major league player A had a batting 
average for the season of 0.38? and player B had a season 
average of 0.208. Based on these averages, we would expect that 
there is a better chance that A would make a hit the next time 
he is at bat, than that B would make a hit. We might even say 
that a measure of the chance (probability) that A would make^'^a 
hit is 0.387 and that a measure of the chance that B would 
make a hit is 0-208. 

A physicist cannot trace the motion of a single molecule of 
oxygen in a room, but he can estimate the probability that an 
oxygen molecule will hit one of the walls in a room in the next 
second. To draw such a conclusion requires an understanding of 
much more mathematics than we can study in this chapter. 

In modern industry probability^ now plays an important role 
in many activities. Quality control and the reliability of a 
manufactured article have becor^e extremely important considera- 
tions in which probability is used. Questions of reliability 
can become very complex. A basic idea related to reliability, 
however, can be illustrated as follows. Many thousands of articles 
of a certain type are manufactured. The company selects 100 of 
these articles at random and subjects them to very careful tests. 
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In these tests It Is found that 98 of the articles meet all 
measurement reqxilrements and perform satisfactorily. This 
suggests that ^ is a measure of the reliability of the article, 
one might expect that about g8jg of all of the articles manu- 
factured by this process will be satisfactory. The probability 
or a measure of chance that an article made by this process will 
be satisfactory might be said to be 0.q8. 

All of these examples of empirical probability are different 
from examples and problems in Section 8-1 in one very important 
respect. In Section 8-1 we could list and count all possibilities 
except in Problem 7 of 8-la. In this section, we cannot or it is 
not practical to try to do so. V/e draw conclusions in the first 
section from counting what might be called the total collection of 
all possibilities. In this section v;e draw conclusions about what 
may happen In the future from information we have about a sample. 
The selection of a sample and the size of a sample that should be 
used are problems of statistics. In this kind of application the 
selection of a sample is very important. Mathematical theories of 
sampling are too advanced for our consideration here. 

In the problems of this section you are asked to find 
measures of chance or probabilities , from observed data. In- 
each case the observed data may be said to be a sample of a 
total population, or a sample of possible outcomes. 

Exercises 8-2 

1. A teacher has taught eighth grade mathematics to 1600 students 
during the past 10 years. In this period he has given A's 
to 152 students. 

(a) Based on these data what? is a measure of chance that 
a student selected at random v;ill receive an A in 
this teacher's class? 

(b) If this teacher will teach 2000 students in grade 8 
mathematics during the next tiirelve years, how many A's 
might you expect the teacher to give? 
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2. The batting average of a baseball player is 0,333. Using this 
information as a measxire of chance, what is the probability 
that this man will make a hit the next time he is at bat? 

3. The record of a weather station shows that in the past 120 
days its weather prediction has been correct 89 times', IJse 
this information to state the probability that its prediction 
for tomorrow will be correct, 

4. A mantifactxorer of pencil sharpeners tests carefully a sample 
of 500 sharpeners to see if a pencil of a certain type can 
be sharpened without breaking the point. In the test 489 
of the tested sharpeners worked satisfactorily. There were 
20,000. sharpeners in this Job lot, 

(a) What is the^. probability that a sharpener selected at 
random from the remaining 19*5^^0 sharpeners will 
perform satisfactorily? 

(b) If your school buys 40 of these sharpeners, are all 
of the sharpeners likely to be satisfactory? 

5. Car instirance rates are usually higher for male drivers lander 
the age of 25» Explain how by collecting data on accidents, 
insurance companies have found it advisable to charge a higher 
rate for yoimg male drivers, 

6. Life insxarance and life annuity rates are based on tables of 
mortality, A table of mortality includes statistical data 
presimably giving data on 100,000 people who were alive at 
age 10, The following are ten lines from, the Actuaries Table 
of Mortality, 



Age Number living 

10 100,000 

12 98,650 

13 97,978 

14 97,307 
21 92,588 



Number dying 
dxiring next 
year 



676 
672 
671 
671 
683 



Age 
40 
50 
60 
70 

: 99 



Number dy- 
ing dxaring 
Nvimber living next year 



78,653 
69,517 
55,973 
35,837 
1 



dl5 
1,108 
1,698 
2,327 
1' 
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According to the table, 676 of the 100,000 will not be 
alive at age 11. 97,978 of the original 100,000 are 
ali.ve at age 13, but 671 of these persons, according to 
the table, die within one year. 

(a) How many are alive at the age of 50? 

(b) How many are alive at the age of 100? 

(c) Would improved knowledge of health and medicine tend 
to make a table of mortality out-of-date? Why? 

In Problems 7 through 10, use the Actiiaries Table of Mortality 
given in Problem 6. Find answers correct to the nearest o.Ol. 

7. (a) What is the probability that a person who is 13 years 

of age will be alive at the age of 21? 

? = ff^- 

(b) \^at is the probability that a person who is 13 years 
of age will be alive at the age of 70? 

8. (a) What year was 90 years ago? 

(b) Do you think a table of mortality would be very useful 
if it actually were constructed by selecting 100,000 
people at age 10 and keeping data on them for 90 
years? 

*(c) By what method other than that suggested in (b) might 
such a table be constructed? 



9. (a) V/hat is the probability that a boy who is 10 years 
of age will live to the age of 99? 

^ (b) V/hat is the probability that a man who is 4o years 
of age vlll live to the age of 50? 

10. One kind of life insurance policy guarantees to pay #1000 
to a man's wife if he dies within a certain ten-year period. 
Would such a policy be more expensive for a man aged 40, 50, 
or 60? Why? ^ _ 
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11, Consider the following .events: 

Event A, It rains on Friday, the 13th. 
■ Event B, The sun shines all day on Friday, the 13th. 

The following table shows the weather on twenty Friday, 
the I3ths. Using the information listed in the table, find P 
for the events A and B. Based on the information in the 
table, which is more likely to occur over a great n\imber of 
Friday, the I3ths, A or B ? Note that it is possible that 
neither event occiars. 





Weather on 


Twenty Friday, 


the I3ths 


1. 


Heavy rain 


11. 


Cloudy, no rain 


2. 


Light rain 


12. 


Partly cloudy 


3. 


Sunny 


13. 


Cloudy with some showers 


4. 


Sunny 


14. 


Showers 


5- 


Sunny 


15. 


Sunny 


6. 


Scattered showers 


16. 


Sunny 


7.. 


Showers 


17. 


Hot and sunny 


8. 


Sunny 


18. 


Sunny 


9. 


Sunny 


19. 


Cloudy and some showers 


10. 


Sunny 


20. 


Sunny 



8-3. Probability of A or B 

In mathematics we are always looking for general principles 
which describe a certain situation. In this section and the next 
we will Identify two of the most Important general principles of 
probability. 
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Consider the following problem. 

A dial and a pointer like the'vone 
illustrated will be used for the prob- 
lem. The pointer 'spins and we can tell 
whether it stops at 1, 2, 3, 4, or 5. 
What is the probability that the 
pointer will stop at an even 
number? 

In the figure the pointer is at 3. We shall say the pointer 
is at 3 if it stops between the marks on either side of 3. In 
^ order to have each spin of the pointer count we shall say the point- 
er is at 3 if.it stops on the mark separating 3 and 4. Sim- 
ilarly, if it stops on the mark separating 5 and 1 we shall say 
it is at 5. 

There are five possible outcomes. The pointer can stop at 
li 2, 3, or 5. The event, the pointer stops at an even number, 
occurs if the pointer stops at 2 or 4, that is-the event occurs 
in two out of five possible outcomes. Thus the probability of the 
hand stopping at an even number is ~. 

5 

The event that the pointer stops at an even number is actu- 
ally a combination of two other events. Let A be the event 
of the pointer stopping at 2, and B be the event of the pointer 
stopping at 4. If we use the symbol "A or B" to stand for 
the event" either A or B occurs, then "A or B" is the event 
of the pointer stopping at an even number. We have found that 

P(A or B) = |. 

Could we find this probability by considering events A and 
B separately? We know that 

P(A) = ^. Why? ' 



and P(B) = 

57 



Why^ 
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If we add and the result Is ^. How can we obtain 
P(A or B) from P (A ) and P(B)? 

2 ^ 1 ^ 1 

In this example P(A or B) = P (A ) + P (b) . 

Our Intuition certainly tells us that the probability that 
the pointers will stop at 2 or at 4 Is greater than the 
probability that the pointer will stop at 2 and gt^^ater than 
the probability that the pointer will stop at 4. Many times 
(as In the above case) we can add probabilities of Individual 
events to find the probability of another event. Notice that 
In the case above, the pointer could not stop at 2 and 4 
at the same tlme^ (as a result of one spin). For one spin It 
had to stop at one or the other. Events A and B could not 
both occur at once. This Is one of the conditions that must be 
met before we can add probabilities. Two events which cannot occur 
at once are called mutually exclusive events. 
Let us consider another example, 



The seven numbers are 
equally spaced. 




The pointer spins freely. What Is the probability that It 
will stop at an even number? 

There are 7 possible outcomes. Three of the 7 are favorable 
outcomes. We shall ;call these favorable outcomes events A, B, 
and C: A, the pointer stops at 2; B, It stops at 4; C, It stops 
at 6. The event whose probability we seek Is A or B or C. 
Events A, B, and C are maitually exclusive, since the hand can 
stop at-gnly one of the niambers as a result of one spin. 
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Therefore, 

P(A or B or C) = p(A) + P(b) + P(c). 
P(a) = i Why? Also P(b) = y and P(c) = 
P(A or B or C) = y + Y + = 

Note that we draw the conclusions, P(A or B) = P(a) + P(b) 
and P(A or B or C) = P(a) + P(b) + P(c), each from a single 
example. You could check these conclusions by solving some of 
the problems in Exercises 8-3 by both. of the methods considered 
in the example at the beginning of this section. 




What is the probability that the spinning pointer will stop 
at an odd number? 

2. (a) What is the probability of obtaining a 6 or a 1 on 

one roll of a cube with faces numbered 1 through 6? 

(b) What is the probability of not getting- a 6 or a 1 

on one roll of a cube with faces nutmbered 1 through 6? 

3. (a) What is the s\m of the probabilities in Problem 2(a) 

and (b)? Can you interpret this as the probability 
of an event that is certain to happen? 

(b) Could you use the probability which you have obtained 
in Problem 2(a) to solve Problem 2(b)? 

4. In a bag there are eight white marbles and two red marbles. 
If a marble is selected at random, what is the probability 
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.of not selecting a red marble in one draw? 

5- Let A be any event. Let B be the event "A does not occur," 
V/rite an equation which relates P(a) and P(B), 

6, In a bag there are four red, three white, and two blue marbles. 
If a marble is selected at random, 

(a) VJhat is the probability of getting a red marble? 

; (b) What is the probability of getting a white marble? 

(c) What is the probability of getting a red or a white 
marble? 

7. In a neighborhood pet show there are ten dogs, eight cats, 
three canaries, and six rabbits, A special prize will be 
given to an owner of a pet by drawing one name of an owner 
from the set of entry blanks , 

(a) What is the probability that the cwner of a dog or a cat 
will get this prize? 

(b) What is the probability that the owner cf a four-legged 
pet will not g^t this prize? 

8. Mutually exclusive events are events which cannot happen 
at the same time. If one event happens, the other cannot. 
With this in mind, which of the following events are mutually 
exclusive: 

(a) The event of throwing a head or a tail on a single toss 
cf a coin. 

(b) The event of your solving exactly sly. problems on a test 
or your solving eight problems on the test, 

(c) The event of rolling an odd number or of rolling a 3 
on a die. 

(d) The event of rolling a 6 or a 3 on a cube with 
faces numbered 1 to 6. 

(e) The event of driving the car or going to the store,. 
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(f) The event of going upstairs or going downstairs. 

(g) The event of drawing an ace or a Jack from a deck of 
cards on a single draw. 

(h) The event of running or sitting. 

(i) The event of talking to your teacher or of talking to 
your mother, if you talk only to one person. 

(J) The event of stalling the car or of starting the car. 

The dial is divided so that one- 
half of the circle is allowed 
for 2; 1, 3, and k are equally 
spaced. 

V/hat is the probability that the spinning pointer will stop 
at an even number? 

In a bag there are four red cards and five black cards. 

(a) How many different pairs of cards are there in the bag? 
Hint: (9). 

(b) How many different pairs of red cards are there in the 
bag? 

(c) How many different pairs of black cards are there in 
the bag? 

(d) How many different pairs are there in the* bag consisting 
of a red card and a black card? 

(e) How does the sum of the numbers of pairs in (b), (c) 
and (d), compare with the number of pairs in (a)? 

Find the probability of the following drawings of cards 
from the bag in Problem 10. 

(a) A pair in which botjb. cards are the same color. _ 

(b) A pair consisting of a red and a black card. 
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12* Call C the event of getting a head on at least one of the 
coins when two coins are tossed. Call A the event that a 
head will show on the first coin and B the event that a 
head will show on the second coin. Then 

P(A) = I and P(B) = |. 

(a) Why is P(C) ^ ^ ? 

(b) Can event A and event B happen at the same time? 

(c) In this problem why is it true that 

P(A) + P(B) P(C)? 



8-4. Probability of A and B 

In Section 8-3 we f oimd the probability that either event 
A or event B occurs. If it is impossible for A and B to 
happen at the same time (A and B are mutually exclusive events) 
the probability of A or B is the sum of the probability of 
A and the probability of B. In symbols, we write 

P(A or B) = P(A) + P(B). 

We now want to find the probability that both of two events 
will occur. What is the probability that if two coins are tossed 
both will show heads? The possible outcomes are: (H,H), (H,T), 
(T,H), and (T,T). Hence, the probability that both coins will 
be heads is ^. If we call event A the event that one coin 
shows heads, and B the event that the other coin shows heads, 
then 

P(A) = I and P(B) = |. 
P(A and B) = j. Note that j {^) ' (f) • 
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A and B is the event that both coins show heads. For this ex- 
ample, we see that P(A and B) = P(A).p(B). It should be observed 
that events A and B are independent events. Whether one coin 
shows heads or tails has no effect whatsoever on the other coin. 
Consider the tossing of a coin and the spinning of a pointer 
. on a dial with 1, 2, 3 and k, equally spaced. If the coin is 
tossed, no matter .what side of the coin appears up, this outcome 
has no effect upon. the outcome of the spinning pointer. This is 
another example of independent events, if we let A be the event 
that a head will show when the coin is tossed and B be the event 
that the pointer stops at 4, then A and B are independent 
events. 

If we wish to find the probability of a head appearing and 
the pointer stopping at 4 we are looking for the probability 
that two events will occur. If we let "A and B" stand for the 
event "both A and B occur " then we are looking for P(A and B) . 
By listing all possibilities we obtain the following: 

H,l H,4 T,3 
H,2 T,l T,4 
H,3- T,2 

H,l means that coin will show heads and the pointer will stop 
at one . 

The desired event is H,4 which is one of eight possible outcomes. 
Thus 

P(A and B) = ^ . 
We can also solve the problem by finding p(A) and P(B). 

P(A) = |, P(B) =1. 

Ill 

Notice that ^ x ^ = „hich is the probability that we found for 
event (A and B) . 
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Another way 'to think of this as a product is to notice that out 
of the favorable outcomes for A only one of the possible outcomes 
for B (or ^ of the possible outcomes for B) is favorable. 
Hence, the probability of A and B is ^ of P(A), and thus 
P(A and B) = ^.P(A) = (^) • (|) = J . 

Let us think about one more example: 

You are taking a test of multiple -choice questions where there 
are 5 choices of answers for each question. You have answered 
all the questions except Questions 7 and 9 which are troublesome. 
By elimination, you know that the correct answer for 7 is one 
of 2 selections, and the correct answer for 9 is one of 3 
selections. You decide to guess. Find the probability of getting 
both 7 and 9 correct, assuming your guess on Question 7 does 
not affect your guess on Question 9. 

Let A be the event that you choose the correct answer for 
Question 1 , and B be the event that you choose the correct answer 
for Question 9. Events A and B are independent. Why? We 
want to know P(A and B) . By the property observed in the two 
earlier examples, 

P(A and B) = P(A) • P{b). 

We also know that P(A) = ^ . Why? What does it mean to "guess"? 
Also, P(B) = -J. 

P(A and B) = (|) • (|) = | • 

The probability of getting both Questions 7 and 9 correct by 
guessing is -g- . 

Our intuition tells us that the probability that two events 
will happen, P(A and B), is less than the probability that one 
or the other will happen, P(A or B). Our intuition also tells 
us that P(A and B) is less than both P(A) and P(B). In 
this statement it is assiamed that neither of the events can have 
a probability of 1. 
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Exercises 8-4 

1. You toss a coin twice in succession. Let A be the event that 
a tail shows on the first toss of the coin. Let B be the 
event that a head shows on the second toss. 

(a) " 'Are events A and B independent? Explain. 

(b) Find the probability that the coin will show heads on 
both tosses . 

2. (a) If A, B, and C- are independent events, then 

P(A and B and C) = P(A) x P(B) x P(C). State a 
similar property which holds for four independent events, 
(b) Find the probability of a head showing on each of nine 
successive tosses of a coin. 

3. Your basketball team is to play team A and team B on two 
successive dates, it is estimated that the probability of " 
winning over A is |. and over B is |. 

(a) What is the probability of your team winning both games? 

(b) If your team won the first game, what is the probability 
of winning the second? 



1 GreenSj 


Red\ 




\White J 



The four 
sections 
are equal 




The six 
sections 
are e.qual. 



^^^^ A g 

Both pointers are made to spin. Assume both are honest. 

(a) What is the probability that both will stop, on red? 

(b) What is the probability that both will stop on green? 

(c) What is the probability that A stops on white and B 
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stops on blue? 
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5. If you have a bag of five black marbles and four white marbles, 
what is the chance of drawing two white marbles from the bag 
if one is drawn and then replaced before the second drawing? 

6. In Problem 5, what is the chance of drawing two white marbles 
if the first one is not replaced before the second drawing? 

7. (a) Are the events in Problem 5 independent events? 
(b) Are the events in Problem 6 independent events? 

8. Ass\Aming that the probability of the Greens having a boy is 
^, and of having a girl, is ^, 

(a) What is the probability of the Greens having a boy and a 
girl as their first two children? 

(b) What is the probability of the Greens having first a boy, 
then a girl? 

(c) What is the probability of th^ir having first a girl, then 
a boy? 

(d) If the Greens have a third child, what is the probability 
that it will not be a girl? 

9. Which of the following pairs of events a^o independent? 

(a) Picking a black marble both times ^wo draws from a 
bag containing black and white marbles if you do not 
replace the first marble drawn. 

(b) Picking a black marble both times in two draws from a 
bag containing black and white marbles if you replace 
the first marble drawn. 

(c) Going to school and becoming a lawyer. 

(d) Throwing a 3 on a cube with numbered faces and getting a 
head when a coin is tossed. 

(e) The event of a day being sunny and the event of the next 
day being partly cloudy. 
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10. A certain problem is to be solved. The chance that one man will 
solve the problem is j. The chance that another man will solve 
the problem is -j^ . 

(a) What is the chance that the problem will not be solved 
when both men are independently working on it? 

(b) What is the chance that it will be solved? 

11. If a committee of 3 is to be chosen from a class of 20 
pupils and each pupil is as likely to be chosen from a class 
as any other pupil, what is the chance that you and your two 
best friends will be chosen? 

12. When six coins are tossed, what is the chance that at least 
one head will be obtained? 

13. Almost a hundred years ago a monk named Mendel did many experi- 
ments in breeding plants, especially garden peas. The results 
of these experiments were so important that our modern knowl- 
edge of heredity is based on his findings. 

We now know that inherited traits are controlled by genes, 
and that these are located on the chromosomes. Just as a person 
has two chromosomes of a particular kind, such as A, he also 
has two genes for a particular trait. These genes need not be 
exactly the same. They can affect two different appearances of 
the same trait: brown eyes and blue eyes, or curly hair and 
straight hair, for example. 

It is Important to know that a parent will pass along to 
a child only one gene of the two he has of a particular kind. 
Each child will receive one of the two possible genes for a 
trait from his mother, and one of the two possible gen^s for 
the same trait from his father. The probability of getting 
either one of the two genes from a parent is ^ . 

What these genes turn out to be, by chance, in the child 
will affect the trait. In carnations, for example, red flowers 
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are produced when a plant has two R genes (RR)* and white 
flowers result when a plant has two r genes (rr) • But, If 
a plant has one R gene, and one r gene, then the flowers 
are pink, 

(a) What Is the probability of red-flowered plants producing 
R genes? 

(b) What Is the probability of white -flowered plants producing 
R genes? 

(c) What Is the probability of getting red flowers when pink- 
flowered plants are crossed with pink-flowered plants? 

(d) What Is the probability of getting red flowers when red- 
flowered plants are crossed with pink-flowered plants? 

*l4. There are ten sticks. One Is an Inch long, one Is 2 Inches 
long and so on up to ten Inches long. A person picks up three 
of these sticks without looking. What Is the probability that 
he can form a triangle, with them? Remember the sum of the 
lengths of two sides of a triangle Is greater than the length 
of the third side. 

*15. Ten slips of paper numbered 1 to 10 are put In a hat and 
thoroughly mixed. Two slips of paper are drawn by a blind- 
folded person. What Is the probability 

(a) That the numbers on both slips are even? 

(b) That the sum of the two niambers Is even? 

(c) That the sum of the two numbers Is divisible by 3? 

(d) That bhe sum of the two numbers Is less than 20? 

(e) That the sum of the two numbers Is more than 20? 
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16.. BRAINBUSTER. 

(a) A penny, a nickel, a dime, and a quarter are throxm 
and exactly two come up heads. What is the probability 
that one of those coming up a head is the dime? 

(b) If the same four coins are thrown and exactly three 
come up heads, what is the probability that one of the 
three is the dime? ^ 

17. BRAINBUSTEg. ^;Pive different coins are thrown, a half dollar 
in addition to those in Problem l6. What is the probability 
of each of the following? 

(a) If exactly three come up heads, one is a dime and one 
Is a quarter. 

(b) If exactly two come up heads, one is a dime. 

(c) That exactly two come up heads and one of these is the 
dime . 

(d) That exactly three come up heads and two of these are 
a dime and a quarter. 



8-5. Summary 

In this chapter you have studied some elementary ideas of 
probability, solved problems involving applications of these 
Ideas, and made use of . probability notation such as P(A). You 
have observed that, by definition, 

0 < P(A) < 1. 

P(A) is the probability, or measure of chance, th.it svent A 
will happen. 

Two types of situations in which probability can be applied 
have been considered. On one, you can list and count all possible 
outcomes, in the other you cannot, or do not because of the 
tedious v^ork involved, count all possible outcomes, in this 
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situation you choose a sample of data and then base the count on 
the sample rather than on the total. 

You have also solved problems, illustrating 

(1) P(A or B) = P(A) + P(b) where P(A or B) is the 
probability that event A or event. B will 
happen, provided that A and B cannot ^joun 
happen (A and B are mutually exclusive). 

(2) P(A and B) = P(A) • P(b) where^ P(A and B) 

is the probability that both event A and event 
B will happen, provided that the success or fail- 
ure of A has no effect whatsoever on B (A and 
B are independent ) . 

Exercises 8-5 

1. The numerals for the niombers 1 through l6 are placed on 
l6 disks. If one of the disks is selected without looking, 
what is the probability that the number named is: . r^ 

(a) divisible by 4? 

(b) divisible by 3? 

(c) a prime ni;unber? 

(d) a two-digit n\amber? 

. (e) divisible by k and 3? 

2. A pencil box contains 5 hard pencils and 12 soft pencils. 
If you pick out one pencil what is the probability that it 
will be: 

(a) soft? 

(b) hard? 

(c) hard or soft? 

3. At a signal, each of five boys tosses a penny Into the air. 
What is the probability that all the coins wi;J. nme down 
heads? 
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(c) 
(d) 



4. A card is drawn from an ordinary deck (52 cards). 

(a) What is the probability that the card is a diamond? 

What is the probability that the card is an ace? 

What is the probability that the card is a diamond and 
an ace? 

What is the probability that the card is a diamond or 
a spade? 

5. A father brought home a set of alphabet blocks for his 
two-year-old son. Each block had the same letter on each 
of its faces. The father selected the blocks necessary to 
spell the child's name, "A L B E R T/' and gave them to the 
boy, who did not know one letter from the other. After play- 
ing With the Six blocks for a while the child arranged them 
in a line. What is the probability that the arrangement 
spelled his name? 

6. A bag contains 4 times as many red' marbles as black marbles 
(identical except for color), if one marble is drawn what 

is the probability that it is red? 

7. If there are two black marbles and one white marble in a box 
we can say that there are three possible pairs of marbles 
the box. Find the probability that when, without looking, a 
pair of marbles is taken out of the box, 

(a) both marbles will be black? 

(b) one marble will be black and one marble will be white? 

8. Find the sum of the probabilities in Problem 7 (a) and (b). 
Explain the meaning of the sum. 

9. . You are to be placed in a line with two girls (or boys) one 
of whom Is your favorite. If the ime contains exactly three 
persons Including yourself, what is the probability that you 
will stand next to your favorite? In such a problem we assume 
that you are not placed according to any plan (including your 
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own). If you crowd in next to your favorite, chance would 
not play a role . 

10. In Disco Junior High School students have been divided into 
sections alphabetically. In Section D the numbers of students 
counted by the first initials of their last names are as 
follows: 

K - 5, L - 4, M - 8, N - 4, 0 ^ 2, P - 5, Q - 1. 

(a) Find the probability that a student selected at t^andom 
will have a family name beginning with K or L. 

(b) Find the probability that a student selected at random 
will have a family name beginning with 0, P, or Q, 

(c) What is the probability that a student selected at 
random will not have a last initial of M or N? 

11. Based on the season's records on September 1, the batting 
average of A is 0.313, of B is 0.26o, and of C is 
0.300. If A, B, and C bat in order, what is the probabil- 
ity that all three men will get a hit? (Round your answer 

to the nearest thousandth.) 

12. Based on data available, biologists consider the probability 
of the birth of a boy ^, and of a girl, ^. In the birth 
of three children, 

(a) What is the probability that all will be boys? 

*(b) What is the probability that at least two will be boys? 

13. Suppose on a regular dodecahedron, a solid having twelve 
plane faces, 5 faces are colored white and 7 faces colored 
black, ir you toss it, what is the chance that it will stop 
with a white side down? 

14. If there are 225 white marbles and 500 black marbles 
in a box, what is the chance of picking a black marble on 
the first draw? 
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15. On Monday the Panthers play t ie Bears and on Tuesday the 

Panthers play the Nationals. Based on the season^s record 
it is said that the probability that the Panthers will win 
the Bear's game is OA, and the probability that the Panthers 
will win the National's game is 0.6. Assume zhat the results 
of the first game have no effect on the outcome of the second 
game . 

(a) What is the probability that the Panthers will win both 
games? 

(b) What is the probability that the Panthers will lose 
both games? 

(c) What is the probability that the Panthers will win the 
Bear's game and lose the National's game? 

(d) VHiat is the other possible outcome of playing both 
games? What is the probability of this event? 

*16. 'A cube vjlth faces numbered 1 to 6 and a coin are tossed 
at the same time . 

(a) What is the probability that both a head and a 6 will 
show? 

(b) V/hat is the probability that a head or a 5 will show? 

(c) What is the probability that a head or a nvxnher divisible 
by 2 V7ill show? 

*17. Suppose you have six letters to be delivered in different 

parts of town. T;^o boys offer to deliver them. In how many 
different ways can you distribute the letters to the boys? 
Include the possibilities of one boy having 0, 1, and 2 
letters to distribute as well as the possibility that each 
boy will have 3 letters to distribute. 
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Chapter 9 
SIMILAR TRlANQl'iES AND VARIATION 



9-i . xndl re ct Measui'ement and. Ratios 

You read in Chapter 3 that the sun is 93,000,000 miles away 
from the earth, and tiiat the distance from the earth to the nearest 
star (other than the sun) is 4 iight-years. You probably know 
that the diameter of the earth is about 8,000 miles. Do you 
think that anyone has actually stretched a tape measure from the 
earth to the sun, or drilled a hole through the center of the earth 
to measure its diameter? Of course not. These distances are 
measured indirectly. We measure certain lengths and angles that 
are within our reach. Hien we calculate the lengths we are inter- 
ested in. In order to do this, we may use the relations between 
the parts of a triangle. 
• ^- We can also use indirect measurements in problems closer to 
our everyday experiences. Suppose on a sunny day we wish to find 
the height of a building. We can measure the length of its shadow, 
which turns out to be 40 feet. Now we ask the help of a friend 
who is 6 feet tall. We find that the length of his shadow is 
8 feet. Thus, his height is six-eighths, 
or three-fourths, of the length of his 
shadow. We can write the ratio like this: 



his height 
length of shadow 



« 6 _ 3 



It would seem that the ratio of the height 
of the building to the length of the shadow 
of the building would also be |-. Thus we 
obtain the following proportion: 

Using the multiplication property 
of equality. 




31^8 ; 

thus, y = 30. The height of the building is 30 feet. 

Class Exercises ' 9-la 

In the following drawing, the ordered pair (i^, O) is named 
with the letter A, (4, 3) is named with B, and so on. OB 
passes through points D and P. The length of one side of one 
of the small sq\xares will represent one standard unit of length. 
Use the figure in answering the questions as indicated. 
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1. AB Is 3, and OA is 4. (Recall tha^ AB with no symbol 

above it means "the measure of segment AB. ") Therefore the 

AB 3 

ratio of AB to OA is = -5 • 

(a) '^^t is the ratio of CD to 00? 

(b) Wnat is the ratio of EP to OE? 

2. The dotted, curved lines through B, D, and P were drawn 
with a compass. Thus we can determine that OB is 5> OD 
is 10, and so on. 

(a) What is the ratio of AB to OB? 

(b) What is the ratio of CD to OD? 
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(a) Find the value of 
OD* 



(b) Find 



Copy and' complete the table 
at the right. The completed 
table will show ratios from 
the previous drawing. 



1 


2 


3 


AB 3 
OA ~ T 


AB _ , 
OB ~ • 


OA = , 
OB • 


CD _ , 


CD _ , 
OD ~ • 


OC _ , 
OD • 


EP _ , 
OE 


EP ^ , 
OF ~ • 


OE _ , 
OF ~ • 



(a) Compare the ratios in Colvmrn 1. You should find that 
these ratios are equal. Ihus M = W = S = = 

(b) Compare the ratios in Column 2. Are they equal? Which 
of the ratios is in the simplest form? 

(o) Which of the ratios is in the simplest form in Column 3? 
Are the ratios in this column equal? 

A part of the previous drawing 
is shown at the right. We 
select a point N on OB. 
A line through N perpendicular 
to the X-axis intersects the 
X-axis at M. Ttie length of 
MN is y. The length of OM 
is X. 

.1 



(a) 



y is about 
What is X? 

X ? 



or 4.5, 
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Suppose we select any point R on OB. A line through R 
is perpendicular to the X-axis and intersects the X-axis 
at S. 

(a) What kind of a triangle is determined by the line segments 
Joining 0, S, and R? 

(b) Does it appear that the ratio of the 



,iy„ 



"x" 



side of such a triangle will always be ^ if we 



use this particular ray? 
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8. (a) In A OMN, ON is the longest side. What name is given 

to the longest side of a right triangle? 

(b) Since A OMN is a right triangle, the Pythagorean 

Theorem may be used to find the length of ON. Find ON 
using this theorem. 

9. In the drawing at 
the right, note 
that the angle that 
OB makes with the 
X-axis is different 
from the angle in 
the drawing for the 
first problem. For 
A OAB in this draw- 
ing, AB is y, OA 
is X, and OB is 
r. Similarly in 
AOCD and A OEF, 
the measures of the 

lengths of the vertical sides are y, the horizontal sides 
X, and the third sides r. For the three triangles we cannot 
obtain the exact measure of r, the hypotenuse. For these 
triangles, r is about 6 A, 12.8, and 19.2. Using the 
information given above, complete the table: 
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(a) 
(b) 

(c) 



For 


A OAB 


Z = 




X _ 




X 


r 


r 


For 


A OCD 


y 


y ^ 


X _ 






X 


r 


r 


< 


A OEP 




y ^ 


X _ 


j Fc? 


X 


r 


r 



What kind of triangles are A OAB, A OCD, and A OEP? 

Explain why the measure of the angle at 0 is the sajne 
for each of the triangles. 

Is ^ equal to the same niomber for each of the triangles? 
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(d) For each triangle, does ^ equal the same number? 

(e) Is p equal to the same n\;unber for each of the triangles? 

Use the OJieorem of Pythagoras to verify that the measure of the 
length, of the hypotenuse for each triangle is about 6A, 12.8, 
and 19.2. 



Exercises 9-la 

.1. On a sheet of graph paper draw a figure similar to those in 

the class exercises. Ihe coordinates of point A are (3, O) 
and the coordinates of point B are (3, 4). 



(a) 
(b) 



Find the values of 



3L, i 
r r 



for- A OAB. 



(c) 



The coordinates of point D are (6, 8) and the 
coordinates of point C are (6, O) . Find the values 
of ^, ^ for A OCD. Compare your answers for (b) 

with those for (a). 

Select two different points on oS and find the values 
of the three ratios. Compare your answers for (c) with 
those for (a) and (b). 



In the drawing at the right, the 
ray through 0 is drawn so that 
it forms with the X-axis an 
angle of 6o°. Lines through 
B, D, and F are dravm perpen- 
dicular to the X-axis, inter- 
secting the X-axis at points 
A, C, and E with coordinates 
as indicated. The approximate 
lengths of y are shown in the 
drawing. For the three triangles, 
r, the hypotenuse, has a measure 
6, 12, and l8 respectively. 

[sec. 9-1] 

78 























1 


f 


























P / 




























/ 


f 




























L 


























































/ 

— 
























































D 




























I 








































Y 




3.6 










































































f 








SIC 


A 












































































7 




y 




2 


















































/ 










— < 


















/ 


0 




A 




Of 








) n 





































352 



(a) 

(b) 
(c) 

(e) 



Find the values of 



and — for each triangle 



X r 

and complete a table similar to that in the class 
exercise • . 



Compare the values of ^ for each triangle. Are they 
equal ? 

Are the values of ^ for each triangle equal? 

X 

Are the values of — for each triangle equal? 

Select any other point of OB. Find the lengths of x, 
y, and r. Then determine the three ratios for this 
new triangle and compare them with the ratios you found 
in the first part of this problem. 

In the drawing at the right, A AOB 
is a right triangle. ^ AOB is a 
angle as in problem 2. 



60" 
(a) 

(b) 



From problem 2, what is the 
value of ^? 

Let T represent the value of 
"S^. Then, ^ = T. Write ^ = T, 

XX X 

replacing "T" with your answer 
from (a) and replacing x with 
45. Pind the approxiinate height 
of the flagpole, y. 

The drawing at the right shows a 
ladder extending from a fire truck 
to the top of a building. A AOB 
is a right triangle, and ^ AOB is 
a 60^ angle. 

(a) From problem 2, what is the. 
. value of ^? 
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X = 45 
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(b) Replace "K" in J = K with your answer from (a), and 
replace r with 75o Disregard the height of the fire 
truck and find the approximate length of y. 

Use the drawing at the right 
to answer the following 
questions. 

(a) AO = AB and 
What kind of triangles 
are A OAB and A OCD? 

(b) Find the measure of 
^ AOB without using a 
protractor. 



CO ^ CD. 



What is ^ for each of 
the triangles? 



(c) 
(d) 

(e) Is the value of 
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Select any point on OB and find 
answer with that in (c). 



X 



Bien compare your 



^ the same when the angle the ray makes 



with the X-axis is 



30^ and when the angle is k5^1 



Using the drawing for Problem 5> show that in A OST, the 
value of ^ may be written as — i — . 



From the answers to the questions in the previous exercises 
it would appear that the ratios ^> ^, and ^ depend on which 
ray is selected through the origin. If the angle the ray makes 
with the X-axis is 60°, J is about 1.73 for any point on the 
ray. If the angle the ray makes with the X-axis is ^ is 

1.00 for any point on the ray. Ttms, the ratio depends on the 
angle the ray makes with the X-axis and not on the point chosen 
on the ray. You will now consider why this must be so. 



. so 
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Class Exercises g-'lb 

In the drawing, the 
coordinates of Point 
A are (a, O) where 
a is some positive 
ni;unber.. . 13ne coordi- 
nates of Point B 
are (a, b) where 
b is some positive 
number. Ttie angles 
at A, C, and E 
are right angles. 
BR and DS are par- 
allel to the X-axis. 




A (a,o) C (2a. o) E (3a, o) 



(a) 

(b) 
(c) 

(d) 
(e) 



Ttie measure of the length of OA 
segments are congruent to OA? 



is a. 



VJhat other 



Show that A OAB, A BRD, and A DSP are congruent. 

AB is b units long. What other segments are congruent 
to AB? 

What is the measure of the length of CD? 
What is the measure of the length of EP? 



2. Copy and complete the following table. Note that c 
length of the hypotenuse for each triangle. 



is the 



For A OAB 


X a 


r c 


r 


For A OCD 


y _ 2b 
X 2a 


r 


r 


For A OEP 


i = 3b 
X 3a 


Z = ? 
r 


r 
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(c) 



(b) 



(a) 



Does the ratio i = | ; ^ ? Explain. 

Does the ratio | = ||? Does || = ||? 

Does ^ have the same value for each of the triangl 
What about the value of ^? Of — ? 



es? 



4. Select a point on OB having the coordinates (x, y), such 
that X = ka., 

(a) What is the value of y? 

(b) What is the -value of the ratio ^? 

5. Select a point on OB having the coordinates (x, y), such 
that X = 

(a) What is the value of y? 

(b) What is the value of the ratio 21? 

X 

It would appear that for every point having coordinates (x, y) 
on a particular ray OB, all J represent the same number. 
Similarly, all ^ represent the same niomber, and also, all - 
represent the same number. Thus, the ratios are determined only 
by the angle formed by the 'ray from the origin through the point 
(x, y) and the positive X-axis. 
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Exerclr;es 9-lb 



Use the drawing at the right to 
find the answers for the follow- 
ing questions: 



(a) 
(b) 

(c) 

(d) 
(e) 



Determine the value of 



X 



Use the Pythagorean Theorem 
to determine the length of 
OB. 



Find the value of 



r 



Find the value of — . 

Using a protractor, find 
the measurement of ^ AOB. 
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In the drawing at the right OB 
is congruent to the OB in the 
drawing for Problem 1. Note 
that the angles formed by the 
rays with the X-axis are not 
the same • 



(a) 
(b) 

(c) 



Determine the vaZ,ue of 



X 



Use the Pythagorean Theorem 
to determine the length of 
OB. 



Find the value of 

X 



^ and 



^ and compare the results 
with problem 1(c) and 1(d). 
Are they the same.? 
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3. In the drawing at the right 
height of the buiiaing is 
When the angle of the sun's 
with the horizontal is 6o^ 
length of the shadow of the 
building, x, is 95 ^'^^t 
Find y if ^ is at 



the 

y. 

rays 
, the 



.73. 




A television antenna is mounted on an 80- 
foot pole. J % ..87. Replace "y" in 
the open sentence with ,^8o and find the 
approximate length of the support wire 
from 0 to B. 




In the drawing for Problem 4, when the measurement of ^ AOB 
is 6o^, what is the measurement of ^ ABO? 



S4 



[sec. 9- J. J 



358 



6, In the drawing at the right OB 

represents a ladder leaning against 
the wall, Ttie top of zhc ladder 
reaches a point 12 Teet above 
the ground. Use the following values 
in ajiswering the ques':;ions: 
^ ^ 2.36; J ^ .92. 

(a) How far is the foot of the 
ladder froiu rhe base of the 
wall? 

(b) How long 1 the ladder? 

(c) Assiome the foot of the ladder 
is five feet away from the base 
of the building. Use the 
Pythagorean Theorem to check 
your answer for (b) 




9-2. Trigonometric Ratios 

In the drawing, consider a. partic- 
ular ray through the origin • On 
this ray, for any point P, whose 
coordinates are (x, y), a right tri- 
ar^le is determined with the right 
,^;igle at a point on the X-axis. 
In the previous section you learned 
that ^ is the same for all points 



on OB. In other words, ^ depends 




A(x,0) 



only on "the angle AOB and not on 

the particular point P chosen. We call this ratio the tangent 
of the angle AOB. The tangent of angle AOB is abbreviated 
tan ^ AOB. 
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tan / AOB = 2^ = M = length of the opposite side 
^ X OA length of the -adjacent side" 

You also learned that the value of J is the same for all - 
points on the ray ol, where r is the measure of the length of 
OP, that Is, the hypotenuse of A AOP. We call this ratio the 
sine of angle AOB. The sine of angle AOB is abbreviated 
sin ^ AOB. 

sin ^ AOB = = M = length of the opposite side 
r OP length of the hypotenuse * 

Finally, you learned that the value of ^ is the same f or ,all 
points on the ray OB. We call this ratio the cosine of the angle 
AOB, and we abbreviate this cos ^ AOB. 

cos / AOB - ^ = ^ = length of the adjacent si de 
r OP length of the hypotenuse ' 

In Exercises 9-la, we found the following ratios for an angle 
of 60°: 

tan 60^ :^ i.73j sin 60° ^ 0.87; cos 60° = 0.50.. 



Class Exercises 9-2 
1. In the figure at the right, the 

line through A is perpendicular 
to the X-axis. Eays. through the 
origin intersect the line. Call 
the point of each intersection B. 

(a) For each of the triangles, 
what is the measure of the 
length of OA? 

(b) For the ray marked 60°, what 
is the measure of the ieng h 
of AB? 

(c) Use your answers .for (a) and 
(b) to calculate the tangent 
of ^ BOA. (Calculate your 
results to 2 decimal places.) 
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(d) Similarly, calculate the tangents of 45^ and 30^, 

In the drawing at the right,, the 
radius of the arc is 10 units. 
Let B be the point where each 
ray through the origin intersects 
the circle. A line through B 
is perpendicular to the X-axis. 
For evch line the point of inter- 
section is A. Calculate your 
results to two decimal places. 



(a 

(b 

(c 

(d 
(e 

(f 

(g 

(a 

(b 
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For each of the triangles, 
what Is the measure of the 
length of OB? 

For the triangle determined i,ys|;!ae,.^ay marked 
is the measure of the length of AB? 

Use your ansv/ers for (a) and (b) and calculate the sine 
of /_ BOA.. 

Similarly, calculate the sine of 45^ and of 30°. 

For the triangle determined by the ray marked 60°, what 
is the measure of the length of OA? * 

Use your ansv/ers for (a) and (b) and calculate the cosine 
of /_ BOA. (Calculate your .ilts '':o 2 decimal places.) 

Similarly, calculate the cosine for the rays marked 45° 
and 30°. 

How does the sine of a 30° angle compare with the 
cosine of a 60 angle? 

Compare the sine of a 45° angle with the cosine of a 
45° angle. 



87 
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Using your answers for Problems 1 and 2, copy and complete 
tne following table. Keep a copy of the table, since it will 
be needed in Exercises 9-2. 



Jn(^ BOA) 


sin ^ BOA 


tan / BOA 




30 






60 


^5 






^5 


60 






30 




cos ^ BOA 


(Use the column at 
the right for ^ the 
measure of the' 
angle when using 
cosine of the 
angle. ) 



Consider the right triangle in the 
drawing. ^ BOA has a measurement 
of 30 , and the measurement of 
OA is 6 feet. 

(a) Which one of the trigonometric 
ratios involves the opposite 
and adjacent sides? 0 _ A 

(b) From your table, wJriat is the measure of the ratio 4^ 
for / BOA? 

(c) Let y represent the measure of the length of AB. 
Then, 

^ = tan ^ BOA. 

Sol' o find the measure of the length of AB. 

V/hen v;e say that "tan (^ AOB) = ^, we also mean that 
"•f = tan (/ AOB)." That is, we can go from left to right or 
from right to left with our definition of the trigonometric 
ratios. Oi-, you might say that the ratios are used "forv/arids 
and backwards." You should learn them in both v;ays. In 
each ca.se below, state which trigonometric ratio is defined 
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8, 



10. 



In terms of the two stated sides of a right triangle: 

(a) hypotenuse and opposite side* 

(b) adjacent side and hypotenuse. 

(c) adjacent side and opposite side. 

(d) hypotenuse and adjacent side. 

For this triangle: 

(a) For ^ RST, the opposite side is . 

(b) For ^ RST, the adjacent side is . 

(c) For l_ SRT, the opposite side is . 

(d) For / SRT, the adjacent side is • 




For this triangle: 

(a) The side opposite ^ EDF is 

(b) The side adjacent to EDF is 

(c) The side opposite ^ DFE is 




(d) The side adjacent to ^ DFE is 

For the triangle, first name the opposite side for the given 
angle, and then name the side adjacent to the given angle. 

(a) For / LJK. 

(b) For ^ JKL. 

(c) The hypotenuse is • 



For the right triangle OAB 
assume that you are given the 
trigonometric ratios for the 
tangent of ^ AOB, sine of 
^ AOB, and cosine of ^ ACB. 
\^ich trigonometric ratio 
would you use to find each of 
the remaining two sides of the 
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triangles when you know the following: 

(a) OA = 7. . 

(b) OB « 6. 

(c) AB = 2. 

For the previous problem, answer each of the questions for 
/ ABO instead of ^ AOB. 



Exercises 9-2 

Ohe point A is 50 feet from the foot 
of a flagpole. Find the height of the 
flagpole if m(/ PAB) = 60°. PAB is 

called the angle of elevation of the 
top of the pole.) 



A 23 -foot ladder is placed against 
the side of a building. If it makes 
an angle of with the ground, 

at what height does it touch the 
building? 




Use the drawing for the previous problem to determine hovJ far 
from the foot of the building the foot of the ladder is placed. 
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To find the measure of the width of 
a river two boys set up stakes at 
E and using a troe on the 

opposite bank for D* DEP Is a 
right angle. The measure of angle 
DPE is 30. If the distance from 
E to P is 150 feet, how wide 
Is the river? 




(a) The side of a square has a measurement 
of 4 feet* Plnd ti;e length of the 
diagonal using one of the trigonometric 
ratios. 

(b) Check your answer for (a) using the 
Pythagorean Theorem. 

nO 




'Pind the ratios: 



sin 60 



and 



tan 60 



sin 30 tan 30 

State in your own words why you think these ratios arc* not 2 



A regular hexagon is inscribed 

in a circle of radius 10 inches. 



(a) What is the measure of / PCQ? 

(b) What is the measure of / CPQ? 

(c) Pind CM. 

(d) Pind PQ. 
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8. The figure ABCD consists of the union 
of two equilateral triangles ABC and 
ACD. Ttie sides of the triangles are 
10 inches long, 

(a) What is the measure of ^ ABD? 

(b) What is the measure of ^ DBC? 

(c) Why is m AC? 

(d) Find the approximate measure of 
the length of BD. 




9-3. Reading a Table 

You used a table of square roots in Chapter ^, and in Class 
Exercises 9-2 you made a table of the values of the trigonometric 
ratios for the following three angles of measurement: 30°, , 
and 60°. Perhaps you noticed that sin 30*^ = cos 6o'^. Do you 
think this might be true for other angles? 

You may have noticed .that for any right triangle, the sum of 
the measures of the two smaller angles is 90. The sum of 30° 
and 6o° is 90°. Similarly, the sum of ^5° and ^5° is 90°. 
Two angles, the sum of i-zhose measures is 90, are called comple- 
mentary angles > A 30° angle and a 6o° angle are complementary 
angles. Similarly, a 20° angle and a 70° angle are complementary 
angles. In fact, the two non-right angles of a right triangle will 
always be complementary angles. 

Look at the following figure, and refer to the trigonometric 



ratios below: 
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. / nyvL length of the opposite side CB 
sin ^ » length of the hypotenuse AB 

y length of the adjacent side CB 

cos ^ uiift « length of the hypotenuse AB 

We have shown that the sln^ CAB « cos ^ CBA. Angles CAB and CBA 

are complementary angles, Ihus It would appear that for any pair of 

■complementary angles, the sine of one of the angles would be equal 

to the cosine of the other angle. Does sin ^ CBA « cos ^ CAB In 

AC 

the drawing? Note that both of these ratios are the same, 
Bius, It Is no accident that sin 30^ =3 cos 60^. It would also be 
true that sin 20° Is equal to cos 70°, cos 10° « sin 80°, and 
so on. 

We used this property to shorten the table we made for three 
angles. In the same way, this property Is used In the table of 
trigonometric ratios on page 368. In this table, the measurements 
for angles frotu 1° to 45° are listed on the left. Ihe measure- 
ments for angles from •'•5° to 89*^ are listed on the right, read- 
ing from the bottom of! the page toward the top. The ratio head- 
ings are shown at the top of the page for all angles from 1° to 
45°. For angles 45° to 89° the ratio headings are shown at the 
bottom of the page. 

To find sin 20° In the table, first look for 20° In the 
column on the left since 20 < 45. Next, find the column headed 
"sine" at the top of the page. The number In the sine coliamn and 
the 20° row is .3420. Olius, sin 20° ^ 0.3420 correct to four 
decimal places. Notice that the approximation sign is used indicat- 
ing that we, know only that the decimal is correct to four places. 

To find cos 70°, look for the angle measurement in the right- 
hand column' since 70 > 45- Because you are using the right-hand 
coluinn, look for the ratio headings at the bottom of the table. In 
the column headed "cosine" at the bottom of the page we find 0.34^0 
in the row for 70^. 'iinus, cos 70° ^ 0.3420 to the nearest 'criv- 
thousandths. Notice that this is the same as sin 20°. Find 
sin 70°. It is about 0.9397- r 

Notice that there is another ratio listed in the table, that 
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of cotangent. Just as we call the sine of the complement of an 
angle the cosine of that angle, so we call the tangent of the 
complement of an angle the cotangent of the angle. For the tri- 
angle a' the right, 

tan ^ AOB = J = cot ^ ABO 
and, 

tan ^ ABO = ^ = cot / AOB. 

Notice that the "co" In cosine and 
cotangent are suggested by the "co" In "compJ.ementary . " Angles 
AOB and ABO In the previous drawing are complementary angles. 

You can find more complete and more accurate tables of 
trigonometric ratios m a library. People who use mathematics in 
their work usually own bookg containing various sets of mathema- 
tlcal tables. 
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Angle 
In 

3^ 

4° 

7° 
9° 

12° 
13° 
14° 

15o 
16° 

18° 
19° 

20° 

21° 
22° 
23° 
24° 

25° 

26° 
27° 
28° 
29° 

30° 

31° 
32° 
33° 
34° 

35° 

3^^ 
37° 
38° 
39° 

40° 
41° 
42° 

43° 
■ 44° 
45° 



Sine 

.0175 
.0349 

.0523 
.0698 

.0872 
.1045 
.1219 
.1392 
.li.64 

.1736 
.1908 

. :079 

.2250 
.2419 

.2588 
.2756 
.2924 
.3090 
.3256 

.3420 
.3584 
.3746 
.3907 
.4067 

.4226 
.4384 
.4540 
.4695 
.4848 

.5000 
.5150 

.5299 
.5446 
.5592 

•5736 
.5^78 
.6018 
.6157 
.6293 

.6428 
.6561 
.6691 
.6820 
.6947 
.7071 
Cosine 



TRIGONOMETRIC RATIOS 

Tangent 

.0175 
.0349 
.0524 
.0699 

.0875 
.1051 ■ 
.1228 

.1405 
.1584 

.1763 

.19^^ 
.2126 
.2309 
.2493 

.2679 
. 2867 
.3057 
.3249 
.3443 

.3640 
.3839 
.4040 
.4245 
.4452 

.4663 
. 4877 
.5095 
.5317 
.5543 

.577^ 
.6009 
.6249 
.6494 
.6745 

.7002 
.7265 
.7536 
.7813 
.8098 

.8391 
.8693 
.9004 
.9325 
.9657 
1 . 0000 
Cotangent 
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nna1 np 


57.290 


.9998 


28.636 


.999^ 


19.081 


, 9900 


1 ii '^m 

J.*T . 0 VJ J. 




11.430 


.9962 


9.51^^^ 


.99^5 


8.1443 


.9925 


7.115^ 


.9903 




Q877 


5-6713 


.9848 


5.1446 


.9816 


4.7046 


n978i 


4 .3315 


.97^^ 




. y { uo 


3.7321 


.9659 


3.4874 


.9613 


3.2709 


.9563 


3.0777 


.9511 


? C)042 




2.7475 


.9397 


2 . 6051 


.9336 


2.4751 


.9272 


2.3559 


.9205 


d. . DU 


. 7-'->J Zj 


2,11:45 


. 9063 


2.0503 


.8988 


1.9626 


.8910 


1 .8807 


.0029 




.8746 


1.7321 


.8660 


1 . 6643 


.8572 


1 . 6003 


.8480 


1.5399 


.8387 


1.4826 


.8290 


1.4281 


.8192 


1.3764 


.8090 


1.3270 


.7986 


1.2799 


.7880 


1.2349 


.7771 


1.1918 


.7660 


1.1504 


.7547 


1.1106 


.7^31 


1.0724 


.7314 


1.0355 


.7193 


1 . 0000 


.7071 


Tangent 


Sine 



89° 
88° 

87° 
86° 

85° 
84° 
83° 
82° 
81° 

80° 

79° 
78° 

77° 
76° 

75° 
74° 

73° 
72° 

71 

70° 

69° 
68° 

66° 

65° 
64° 

63° 

62° 
61° 

60° 

59° 
58° 

57° 
56° 

55° 
54° 

53° 

52o 
51 

50? 
49^ 
48° 
47° 
46° 
45° 
Angle 
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Exercises 9>»3 

1. Use the table to find the following: 

(a) Sin 10° (f ) tan 40° 

(b) tan 10° (g) tan 50^ 
(^) Sin 41° (h) tan 60° 

(d) Sin 63° (1) tan 70^ 

(e) Sin 82° (J) sin 88° 

2. Check the statements below by studying the niambers in the 
table. Do you agree with the statements? 

(a) Ihc rine of an angle in the iable is always between 0 
an^. . 

' o^* an angle increases with the size of the angle 
r. 1° to 89°. 

. (c) !me slue of an angle less than 30° is less than i. 

(d) The differences between consecutive table readings varies 
L« roughout the table. 

(e) The difference between the sines of two consecutive angles 
in the table is greater for smaller consecutive angles 
than for larger consecutive angles. 

3. Use the tangents of angles given in the tables to answer the 
following questions: 

(a) Is the tangent of a!n angle always between 0 and 1? 

(b) Does the tangent of an angle between 1° and 89° 
increase with the angle? 

(c) Do the differences between consecuDive readings in the 
table vary throughout the table? 

(d) Is the difference between the tangents of two consecutive 
angles in the table greater for smaller consecutiv^e angles 
than for larger consecutive angles? 
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Find the following products: 

(a) 100 • (sin 32^) (c) 0.27 

(b) 81 • (tan 48^) (d) 0.05 



The diagonal of the rectangle shown at 
the right makes an angle of kO^ with 
the longest sides... Find the width of 
the rectangle If Its length Is 20 
Inches. 



(sm 73°) 
(tan 80^^) 




Triangle ABC Is a right triangle with / ACB the right 
angle. AC = 5, and BC = 4. 

AC 5 

(a) What trigonometric ratio of ^ BAC Is "gQ - 

(b) Use the table of trigonometric ratios to find the 
approximate measure of ^ BAC. 

The length of a shadow of a 30 - foot tree 
Is 10 feet. What Is the approximate 
measure of the angle of elevation (^ KLM) 
of the sun? (Recall that the angle of 
elevation of an object from a point L 
Is the cingle between a horizontal line 
through L and the line through L 
and the given object. In this case the 
given object Is the sun.) 




8„ Suppose In the previous problem, the length of the shadow had 

been 20» feet instead ox 10 feeo. Would your answer be 

one-half of the previous answer? If so, why? If not, what 

would the approximate measure of the angle be? 
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An observer sees that the angle of 
elevation from where he stands to 
the top of a cliff ^ is 59°. If 
the cliff is 200 feet high, find, 
to the nearest foot, the distance 
from the observer to the foot of 
the cliff.. 

The tangent of the complement of an 
angle has been called the cotangent 
of the angle. In the drawing, 

cot / POQ =.tan ^ PQO 

Show that 



200 



(a) 



^ = tan I t>OQ > 




this. would be a different way to define t]ye cotangent: 
the cotangent of an arijgle is the reciprocal of th^ tangent 
of the angle. 



(b) 



Is the sine of an angle the reciprocal ot the coslj^^ 
the angle? Explain your* answer using th^ cajr-awing* * 
The navigator on a ship sailing due 
south observes a lighthouse due 
west at 3 p.m. At 5 p.m., the 
lighthouse is 52° west of north. 
' 'Bcie ship is moving at a speed of 
15 miles per hour. 



\ N 

V 

\ 



3 PM. 



(a) How far from the lighthouse 
was the ship at 3 p.m.? . \ 

(b) How far from the lighthouse 
was the ship at 5 p.m.? 

(Compute your answer, to the nearest tenth pf a mils.) 

98 
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12. 



13. 



^^i^ngig OBC af the right is an 
equHate^^-IL triangle. Each side of 
the tn^^g^g has a measure of 2. 
(a) Vlh^^ ^he measurement of 

^^Sles BOC, OBC, and BCO? 

^tJlain y°^^ answer. 
(^) The vertex B is joined to 

"the j^idpoi"* A of OC. Show 

tha.t OAB = A .-^AB. 

^'^ov/ that A OAB is a right triangle, 
^lild the measurement of [_ OBA. 




(c) 
(d) 
(e) 



^lilca the length of AB using a trigonometric ratio. 

Refer to ^he drawing from Problem 12 in(^ COB) = 60°. The 
measui»e " 

(a) 
(b) 



(c) 



and the measure of 

9 



OA = 1. 



zr^O OA _ • 

COS 60 = = 7- 



of OB = 2, 
^ AOB 

Ifi ;)rder to find the sin AOB and tan /_ AOB we must 
^lUd the measure of AB which we shall call y. By the 
^thagorean Theorem, 

(0A)2 + (AB)^ = ('0B)2 
^i", - - . 

a^ia, y 

^Se .your results for part (b) to find sin 60° and 
^^il 60° and check your results with the values given 
in the table. 



1^ 4. - 2^ 



= ? 
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Hhe square shov^n at the right has a 
measure of 1 for each side. 



(a) 
(b) 



Verify that the measure of 
is 72. 



DP 



If DP 
sin 



45° = 



72 



then 

You can 




determine a decimal expression 
jor — ~ by dividing 1 by 

1.4142, but this is a tedious computation.. Recall that 
any number divided by itself (except for O) is 1. 
Ihus, 



= 1, and 



1 

^/2 



V2 



72 



It is much easier to divide 1.4X42 by 2 than to 
divide 1 by 1.4142. Pind the sin 45° using the 
above computation and then verify your answer with the 
table. 

In the figure at the right /_ ABC 
has measure 6o, /_ ACB has 
measure 32, in degrees, and 
AB = 100. Pind (a) m(AD) and 
(b) m(BC). 




lao 
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9-4. Slope of a Line 

Hie drawing at the right is 
similar to those used in Section 9-1. 
You learned that for a particular ray 
OB from the origin through the point 
(x, y), all ^ are equal. For a 
particular ray then. 



B (x,y) 



A (x,o) 



X 



is anjother name for the 

Z 

X 

X-axis. 



is the tangent of the angle 
Thus, m is the tangent of 



where m 

ratio. However, you learned that 
which the ray makes with the 
the angle AOB. The niomber m depends on the particular ray which 
is chosen and not on any particular point on the ray. 
Using the multiplication property of equality. 



J(x.) = m(x) 



y@ = nix. 



but 



^= 1> 

X 



and, 

so, y = inx* 

OIius, an equivalent equation for ^ = is ^ 
tangent of an angle is 2, then. 



= mx. If the 



X 



or y = 2x. 



If the tangent of an angle is ^, then. 



z = i 

X 3 



or 



y = 3-x. 



Each point on the line which an equation represents will have 
coordinates which satisfy the eqiiatlon, and each point whose coordl- 
nates satisfy the eqiiatlon wl] ^ lie on the line. The number In 
this eqiiatlon Is called the slope of the line. In the equation 
y = 2x, the "2" Is the slope* In the equation y = ■jX, the 

Is the slope, and In the eqiiatlon y = mx, the "m" Is the 
slope. Slope Is another name for. the tangent ratio of the angle 
made by a. particular, ray and the X-axls. 
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The word "slope," when used with 
reference to a hill, refers to the 
steepness of the hill. The slope of 
a hill is measured by dividing the 
measure of the change in elevation by 
the measure of the corresponding 
horizontal change. In the drawing 
at the right the rays are named with 
Roman numerals. The tangents or slopes 
of the angles the rays make with the 
X-axis are as follows: 



For I, m == for II, 
for III, m == -|; for IV, 

As the 



m = 



m = 



3. 

8. 

5' 




and for V, m == As the y increases, the tangent of the angle, 

or slope Increases. The steeper the ray, the greater 
the tangent of the angle or the greater the slope. 



1. 



(a) 



(b) 



Class Exercises 9r4 

In the drawing, what is the 
tangent of the angle the ray 
makes with the X-axis? 



Use your answer from (a) as 
a replacement for m in the 
general equation y == mx. 



(c) Your answer for (b) is an 
equation for the line OB. 





i 
























y 
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(a) Write an equation for the line 
Joining the origin to the point 
(4, 1). 

(b) Write an equation for the line 
Joining the origin to the point 
(1, 4). 

(c) Vftiat is the tangent of angle 
COR? 

(d) What is the tangent of angle 
BOR? 




Name the line through the 
origin which is described 
by each of the following 
equations. Note that some 
of the equations are 
equivalent equations. 

(l)x 



(a 
(b 
(c 

(d 

(e 
(f 

(g 
(h 



y 
y 
y 
y 
y 

X 

Z 

X 

y 

X 

Z 

X 



= 3x 

- 7^ 
- 

_ 1 
2 



= 1 



3 
1 



t ^ 






























1 


















i 






/ 




























































A 














































--f 






































X 

— ► 


0 





















Use the drawing for Problem 3 and find the slope for each of 
the following lines. 

(a) OA (b) OB (c) OC (d) OD 



[sec. 9-4] 

103 



377 



There is another ratio that is sometimes used to designate the 
steepness of a line. You may have heard of a "road having a 2% 
grade". Ihis refers- to the ratio ^, that is, the sine of the 
angle which the road makes with the horizontal, A road that rises 
2 feet for every 100 feet measured along the road has a 2 7o 
grade. For roads which are not very steep, the grade is very close 
in value to the slope. 



Exercises 9-4 



1, 



2, 



3, 



Find equations for the lines joining the origin to each of 
the following points. 



(a) 


(4, 


1) 


(d) 


(1, 


2) 


(g) 


(5, 7) 


(b) 


(3, 


1) • 


(e) 


(1, 


5) 


(h) 


(6, 2) 


(c) 


(1, 


1) 


(f) 


(5, 


3) 


(1) 


(5, 0) 




A conveyer belt is used to 
"lift" materials to a loading 
platform, A box placed on the 
conveyer belt is lifted 5 
feet while it is moved a hori- 
zontal distance of 10 feet, 

(a) What is the slope^ of the 
path along which the box 
Is carried? 

(b) Wiat is the approximate measurement of the angle of the 
path along which the box is carried and the horizontal? 

Ttie drawing at the right 
shows a partial side view 
of a stairway, Ihe slope 
of the stairway is defined 
as the slope of the dotted 
line. 



i \2'' 

Riser 



T 

7' 
i 



Tread 
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(a) What Is the slope of this stairway? 

(b) What is the approximate measurement of the angle formed 
by the dotted line and the horizontal line (tread)? 

4. Ttie drawing at the right 



elevation 5 feet. The horizontal distance in this case is 
about 100 feet. It would actually be a little less than 
this distance. 

(a) What is the sine of angle BOA? 

(b) What is the tangent of angle BOA? 

(c) What is the approximate measurement of the angle BOA? 

(d) Approximately, wnat is the slope of OB? 

i). Using tne drawing for Problem 4, assume the measurement of 
BOA is 2°. 

(a) VJhat is the sin ^ BOA? 

(b) mat is the tan ^ BOA? 

(c) l\lhat is the approximate measure of the rise (or elevation) 
if the horizontal distance is 100 feet? 

(d) V/hat is the grade of OB? 



shows a 5 7o "grade". 
TJiat is, in a distance of 
100 feet there is an 




H 



/ 



6. 



In the drawing at the right, DE 
ifj the approximate slope of the 
hillside. The tangent of ^ DEP 
is about 2.05. 

(a) lAiat is the approximate 



(b) What is the approximate 
vertical height of the 
hill if the measurement 
of DH is about 500 «? 



measurement of ^ DEP? 




^* • 

E F 



F 
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A(a,o) C(2a,o) E(3q,o) 



9-5. Similar Triangles 

Refer to the drawing at the 
right which Is a copy of the draw- 
ing used m Class Exercises 9-lb. 
Recall that triangles AOB, RED, 
and SDP are congruent. 

Look at AAOB and ACOD. 
These triangles are not congruent, 
but there are a number of relation- 
ships between the two. We can set 
up a one-to-one correspondence 
between the. vertices of the two 
triangles as shown at the right. 
The following angles also correspond; 

^ AOB < > ^ COD; 

^ OAB > ^ OCDJ 

^ OBA < > ^ ODC. 

Because A AOB and ACOD are 
right triangles, we know that the 
corresponding angles with vertices 

at A and at C are congruent. The corresponding angles with 
vertices at 0 are the same angle, and thus ^ AOB = ^ COD. 
Since AAOB = ARBD, the corresponding angles with vertices at 
B and D are congruent. Ttie corresponding angles of these two 
triangles are congruent. 

In view of the correspondence 
between the vertices, we have the 
following correspondence between 0** 
the sides: 




OA <r- 

AB 



-> OC 



CD 




OB < > OD 
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It does not appear that these corresponding sides are congruent. 
However, we know that the measure of OA Is a, and we know that 
the measure of OC is 2a. Also, the measure of AB Is b, and 
that of CD Is 2b. With the Pythagorean Theorem It can be shown 
that the measure of OD Is two times the measure of OB. TtxuB, 
each of the sides of A COD Is twice as long as the corresponding 
side of AAOB. The ratios of the lengths of the corresponding 
sides are equal: 

OA „ AB ^ OB ^ 1 

■VMM tSX — O ■ J i g s ^ 

OC CD OD 2 

We express this relationship by saying that for these triangles 
"the corresponding sides are proportional." 

So far we have considered only right triangles. In the draw- 
ing below are two triangles, A ABC and AA'B'C. 



C 




A B B' 

Tcxe corresponding angles are congruent. That is. 



ZA=ZA«, ^B = ^B«, and ^C-^C. 

Each side of A ABC has twice the length of the corresponding side 
of AA«B«C«. Ihat is 

AB =2(A«bO> AC = 2(A«C0> and BC = 2(B«C«). 

These are examples of what we call "similar triangles." 

Definition : Two triangles are said to be similar if there 
is a one-to-one correspondence between the vertices so that 
corresponding angles are congruent and the ratios of the 
measures of corresponding sides are equal (that is, correspond- 
ing sides are proportional). 
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This definition moana that any two triangles ABC and A'B'C» 
are similar if the following two conditions hold; 



1. 
2. 



Z A - ^ At, Z B 2r^ Bt, and ^ C 2f ^ Ct. 



AB . AC . BC 

TOT ATgT ■ BT^nr* 



It is possible to prove that if condition 1 holds, then condition 
2 must hold, and if condition 2 holds, then condition 1 must hold. 
(You might try showing that this statement is true.) We will accept 
the statement here without proof. It follows from the statement 
that only one of these conditions need be used in defining similar 
triangles. 

The only similar figures we shall consider in this chapter are 
triangles. For other figures, such as squares and rectangles, both 
of the conditions listed above are 
necessary for establishing similar- 
ity. For example, the square and 
rectangle at the right have con- 
gruent angles, but the sides are 
not proportional. The square and 
the rhombus have congj^uent sides, 
but they are not similar. 



rectangle 



square 




Class Exercises 9-5 

1. A ABC and AA^B^C are 
similar triangles in which 
A and A', B and B', 
C and C* are corresponding 
vertfices. Supply the missing 
infonnation where it is 
possible. Where it is not 
possible, explain why. 
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Find which of the following are true statements. Give reasoas 
for your answers. 

(a) If one acute angle of one riflv.: triangle is congmaent to 
an acute angle of another right triangle, then the 
triangles are similar. 

(b) If two sides of one triangle are congruent to two sides 
of another triangle, then the triangles are similar. 

(c) If and ^ = ^ then triangles ABC and 
A'B'C are similar. 

(d) If -AB^ = then triangles ADC and A«B«C« are 
similar. 

(e) If ^ = ^ and = ^ then triangles ABC 
and A'B'C are similar. 

(a) If the corresponding angles of two quadrilaterals are 
congruent, must the ratios of the measures of correspond- 
ing sides be equal? 

(b) If the ratios of the measures of the corresponding sides 
of two quadrilaterals are equal, will corresponding 
angles be congruent? 



.(a) m(^A) = 30, m(^ B) =75, ra{l A*) = ?, 
(b) AB = 3, AC = A«B« = 6, A«C« = ? 

A«B« = 5, B«C« = ?, A«C« = ? . 



,s AB _ 2 



BC ~ 3- 

(d) ^ = |, A'C = 3, A«B« 

(e) m(^ A) = 30, B) =73, m.(^ A«) = ?, 



?, B«C« 
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Suppose that A ABC and A'A»B»C» are two similar triangles 
such that AB =3, AC = 6, and BC = 7. Find the measures 
of the lengths of the remaining two sides of A A'B'C' when 
the measure of one side is as follows: 

(a) A»B» = 6. 

(b) A»C» = 2. 

(c) B»C» = 5. 

Let A ABC and A TSR be two triangles such that 

Z A = / T, Z B = Z and Z ^ = Z C. Will the triangles 

be similar? Explain. 

Suppose in the previous problem we knew only that Z A ^ Z ^ 
and that Z ^ = Z Would it be necessary that the triangles 
be similar? Explain. 



Exercises 9-5 

Draw a triangle ABC. Let D be the :aidpoint of side AB 
and E the midpoint of side AC. Which of the following 
pairs of ratios are equal? Give reasons for your answers. 

fo^ AS AD AB AC /X AD AB* AD AB 

AC^ AE AD^ AE DE' BC AC' AE 

Would your ansv;ers in Problem 1 be different if you had 
started with a different triangle ABC? Why or why not? 

Draw a triangle ABC and let DE be a line segment parallel 
to BC, where D is on AB and E is on AC. Then answer 
the questions in Problem 1. 

Suppose ABC is a right triangle and the angle at A has a 
measure in degrees of 31. What is the measure of the other 
acute angle? 

Suppose ABC is a triangle for which m(Z A) =35 and 
m(Z B) = 47. Find m(Z C). 

110 
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8. 



^9. 



Draw a triangle ABC and choose E as some point on the side 
AB. Draw a line through E parallel to ^ and let it inter- 
sect AC in the point D. Show that triangles ABC and AED 
are similar and point out which angle in the triangle AED 
corresponds to / ABC in triangle ABC. 

Let ABC and A»B»C» ^, 
^ • A 

be two triangles in 

which angles A and A' 

are congruent, 

A»B« = 2(AB), A»C» = 2(AC). 

Let E » and F « be B 

the midpoints of the 

sides A»B» and A»C» of the second triangle. Show that 
triangle ABC is congruent to triangle A«E«F«. Use this to 
show that triangle A«B«C« is similar to triangle' ABC. 

Draw triangles ABC and A»B«C« as in Problem 7. Angles A 
and A» are congruent, but A.«B« = 3(AB), A«C« = 3 (AC). 
Show that triangles ABC „and A«B'C» are similar. 

Suppose ABC and A»B»C« are two triangles and that 





A§ = A'B' 
AC Uc^' 



AB 
BC 



A'B« 



(a) If the given equalities hold and A'B' 
that A«C» = 3(AC). and B«C« = 3(BC;. 

(b) If the given equalities hold^and A»B» 
that A«C» == s(AC; and B«C» = s(BCJ. 



3(AB), show 
s(AB), show 



9-6. Scale Drawings and Maps 

In the previous section you learned to define two triangles as 
similar if there is a one-to-one correspondence between the vertices 
such that corresponding angles are congruent and corresponding sides 
are proportional. 
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You are familiar with maps. What do you expect a map 7 

If it is a map of a state,- for example, 

you need to have a one-to-one corre- 
SDondence between the important cities 

and the points on the map; that is, 

each city is to be represented by one 

particular point on the map as shown 

at the right, Then, corresponding 

angles should be congruent- that is, 

if A, B, and C are three cities, 

the angle ABO on land should be 

congruent to the corresponding angle 

ABC on the map. 

Should corresponding distances be equal? Ihis vrcald be too 

much to expect since then the map would be too large, if oi^y 

A is twice as far from city B as city C is, then t^he corr^^ 

sponding distance on the map, AB, should be twice t^h^ correspQ^^^in; 

distance BC. In other words, corresponding distance^ shox^ld- 
proportional in the same way that the sides of two sii^itlai* triangles 
are proportional. 

Since the earth is a f^rhcre, and there are hills a^d valley^^ 
no map on a flat sheet of p^.> /• can exactly meet the ;^equi2?einent5 
we have set down. In fact, the size of a city is not usually 
proportional to the size of the dot which represents it on tne m^p. 
Nor are the widths of a road or a river proportional tPo ^he wi^ith 
of the lines which represent them. However, our usuaj. xti^ps aPP^^ox- 
Imately satisfy the requirements we gave above. 

You have heard of scale drawings. Scale drawing^ a^e a i^^xx(X ' 
of map. Such a drawing in a plane must shox^r angles a^cU^ateiy. rj\Q 
make distances the same in the drawing as in the actual object Would 
result in an unmanageable drawing due to size. Hence mak© dis- 
tances on .the drawing smaller than the actual object. But we keep 
the ratio of the distance on the drawing to the corre^poi^ding 
distance on the object the same. That is, if one len^tii on 
the object is twice another length, then, on the drawl^ig^ the Co^^pe- 
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Spond^^^, ^®^8th v^iil be twice the other. This ratio is called the 
*^scal^ * ^^PJ^Ose v/e make a drawing and decide to let one inch on 
the dJ^^^^^^t^respo^^ o^-e foot on the object. We have chosen 

one inch < > one foot 

to ^^^le, and we must be careful to use this throughout the 

cirawi^^" ^^^^ a scale is usually written "one inch = one foot." 
3:f \je ^^^^tui to make the. drawing accurate we can measure dis- 
tance^ cirawing and thus find approximately what the corre- 
spon^J^ ^^^^^ces are on t;he object itself. 

fjjie first 3tep in scale drawing is to select a scale so that 
the A^^^^^^ ^lli fit on the paper and yet not be too small to use 
for a^^^^"^ ^^^Qurement. Suppose you are to make a scale drawing of 
^ foo^^^'"^"^ ^^^Id; that is, the portion marked by lines within which 
the pJ^y^^^^.^ place. A football field is a rectangle that is 300 
feet (^^^^ 100 yards) long and . l60 feet wide. We might try 

^ sc^l^ ^•l cm to a foot; that is> O.i cm on the drawing 
Will cor^^spori^j- 1 foot on the field. Then on the scale draw- 
ing, ^^^e length of the field will be represented by a 
cilsta^^^ ^0 cm. But this is too long for the usual sheet of 
notel:?o°^ Pape^^ decide to use a "smaller scale. "Smaller" 
here ^^^"^^ ^® Wm use a shorter distance on the scale drawing to 
eorre^P^^^^^ ^ foot on the field. We select a scale, 

0.05 cm = 1 foot. 

5his co^"^^ ^1^0 be written as 

1 cm = 20 feet. 

tiding ^^^^ ^^^le, the length of the football field in the drawing 
Will 

(0.05) • (300) = 15.00, or 15 cm 
or 

= 15> which is also 15 cm. 

Slmil^^"^'^' ^® ^^n multiply 160 by O.05 (or we can divide 160 

by zO) ^^termine that the width of the field will be represented 

V a 1^^^ ^ long* in the drawing. 
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Class Exercises 9-6 

Make a scale drawing of a football field. Use the scale 
0.05 cm = 1 foot or 1 cm = 20 feet. The length of the 
field on your drawing should be 15 cm, and the width of 
the field on your drawing should be 8 cm. 

(a) Draw a line from one comer of the field diagonally 
across to the opposite comer. Measure the length of 
this diagonal. What Is Its length In centimeters? 

(b) Using yo\ir scale, determine the measxire of the corre- 
sponding distance on the football field. 

(c) Verify your answers for (a) and (b) using the Theorem 
of Pythagoras. 

Assume you are to make a scale drawing of a football field 
using the scale ^ inch == 1 foot. 

(a) What would be the length of the field on a scale 
drawing? (Determine yovcr answer to the nearest tenth 
of an inch.) 

(b) What would be the width of the field on a scale 
drawing? 

What length would a line segment on a scale drawing be 
to correspond to a measurement of 50 feet for each of 
the following scales? 

(a) ^ inch = 1 foot. (d) 1 inch = 10 feet. 

(b) 1 ram == 1 foot. (e) ^ inch - 5 feet. 

(c) ^ inch = 1 foot. (f) 0.05 cm = 1 - foot. 

On a scale drawing, the measurement of a line segment is 
10 Inches. What is the length of the corresponding line 
for each of the following scales? 

(a) 1 inch = 10 feet. (d) i inch = 2 feet. 

(b) I inch = 1 foot. (e) 1- inch = 0.5 feet. 

(c) ^ Inch = 1 foot. (f) I Inch = 10 feet. 
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An illustration in a dictionary may indicate a scale of :r~. 

1 300 

Similarly, the scale on a map may be 006 * first scale means 

that one unit of measure on the illustration represents 300 units 

of measure on the actual object. Similarly, the second scale means 

that one unit of measure on the map represents 50,000 linits of 

measure on the actual object, 

A picture of "sl''^ whale indicates the scale -oiK. The length of 

the whale in the picture is about 1^ inches, Hiis means the 

actual length of the whale is about 

300 • l|- = if 50, that is if 50 inches or about 37^ feet, 

A line segment on a map has a measurement of 5 inches, ^e 
scale on bhe map is 30 jOG ^ • ^^^^ corresponding measurement 

on the earth? 

50,000 • 5 == 250,000, that is, 250,000 inches. 

Dividing 250,000 by 12 we find that the corresponding 
distance on earth has a measurement of about 20,866.6 feet. 
Dividing this by 5*280 we determine that this is about 3.9 miles. 



Exercises 9-6 

!• It is indicated on a map that -r- inch represents 50 miles, 

-1 

How many miles are represented by 4^ ' inches? 

2. If it is indicated on a map that ^ inch represents 25 miles, 
how many inches would you use to represent 750 miles? 

3. A plot of ground is in the form of a parallelogram. The 
longer sides measure 92 feet and the shorter sides measure 
kO feeto The acute angles have a measurement of 70^ and 
the obtuse angles have a measurement of 110°, Make this 
scale drawing. Let ^ inch represent 1 foot. 

4* City B is kO miles east of city A and city C is 30 
miles north of city B. Using ^ inch to represent one mile 
draw a map in the form of a scale drawing of these distances. 
How many miles is it from city A to city' C in a direct 
line? 
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Make a scale drawing of a tennis 
court o A tennis court is a rec- 
tangle having a length of 78 
feet and a width of 36 feet. 
The alleys are ^ feet wide. 



The service courts are 

in length and 13^ 
1 ^ 
Let ^ inch represent 1 foot. 



21 feet 
feet in width, 



78' 



■36* 



■137 M 



T 



1 
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.alley 



service 
court 



4i" 



The scale on a map is 



To the nearest tenth of a 



1,200,000* 

mile, what measurement on earth is represented by a line 
segment 1 inch long on the niap. 

A regulation baseball diamond 
is in the..:Shape of a square, 
the length of whose side is 
90 feet. The pitcher »s box 
is. on the line through home 
plate and second base and is 
6o|- feet from home plate. 
Make a scale drawing of a 
baseball diamond locating the 
pitcher's box as a point. Use 
measurements from your drawing 
to answer the following questions, 

(a) What is the approximate measurement of the distance 
from, the pitcher's box to second base? (Measure to the 
vertex of the angl« at second base.) 

(b) If a person runs directly from first to third base, about 
how close to the pitcher's box does he come? 
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(c) If the shortstop stands on the line from second to third 
base and is halfway between them, about how far is he 
from home plate? 

(d) If a player runs from third base to home plate, what is 
the measurement of the least distance to the pitcher's 
box? 

8, A ship is seen from two different points, A and B, on the 
shore. This distance between A and B is 100 feet. If 
S represents the point where the ship is, the measurements 
of the following angles are found: 

m(^ SAB) = 30° and m(^ SBA) = 70°. 

Make a scale drawing making AB = 5 inches. 

(a) Why is the triangle you drew similar to the triangle ABS? 

(b) By measuring your drawing, find the approximate distances 
from A to the ship and from B to the ship. 

9, Suppose A, B, and C represent three cities the following 
distances apart: 

AB = 100 miles, AC = 75 miles, BC = 60 miles. 

City C is due west of city A, and city B is north of the 
line AC. Make a scale drawing in which 1 inch corresponds 
to 20 miles. 

(a) What are the corresponding distances on your scale draw- 
ing for AB, AC, and BC? 

(b) What is the approximate measurement of the angle between 
AC and AB, BAC), on your drawing? 

(•c) Determine the approximate direction from city A to 
city B. 

10. If in the previous problem, the scale had been chosen so that 
1 inch corresponds to 10 miles, what would be your answers, 
for (a)? What would be your answers for (b) and (c)? 
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50' 



\ 



V 



lOO' \ 



90' 



r 111 A COW and a barn are on 

opposite sides of a small 
brook which flows along a 
straight line. Suppose . . \ 

the cow is kO feet from 
the brook and the barn is 
50 feet from the brook, 
both distances being 
measured perpendicular to 
the brook. Let 100 feet 
be the distance between the 
points on the stream from 
which these other two distances are measured. iVIake a scale 
drawing and use this to find the following distances: ^ 

(a) The approximate length of the shortest path from the cow 
to the barn> B to C. 

(b) If this path crosses the stream at A, find the distance 
from S to A and from A to R. 

*12. Devise some method to do Problem 9 without a scale drawing 
and then verify your answers. 



40' 
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. 9-7 . Kinds of Variation 

Earlier In this chapter 
you learned about similar right 
triangles. In the drawing at 
the right the graph of the • 
eqization y = 2x is shown. 
Prom the points P, Q, H, an(J 
S, perpendiculars are dropped 
to the X-axis forming four 
similar right triangles. For 
each of these triangles, ,the 
ratio of the y-coordlnate to 



the 
J. Thus, 
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x-coordlnate is equal to 
2 is the slope of 
the line. TOiere is a relation 
between the y-coordlnate and 
the x-coordlnate for each point 

on this graph, and this relation is expressed by the equation 

y = 2x. 

For each ordered pair associated with a point on the graph the 
y-coordlnate is two times the x-coordlnate. We say that these two 
coordinates are related in a particular way. In the world around 
you there are many situations where two quantities are related. 
Vftien you buy peanuts, the amount you pay depends on two things, 
the amount you buy and the price of the peanuts. If you hang a 
mass on a spring balance, the distance that the spring stretches 
is related to the strength of the spring and the weight of the mass, 



, Class Exercises 9-7 

1. Suppose peanuts cost $.6o per pound. Make a table showing 
the cost of various amounts of peanuts as shown below: 



Amount in pounds 


0 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


Cost in dollars 

























[sec. 9-7] 



393 



o 
o 





















1 1 


























— €r 
























§- 








































































— & 
























-1- 
















































0 




-i 


1 1 




i 


> i 






1 \ 




) 



weight in pounds 



Now make a graph showing how the 
cost is related to the weight. 
Let w be the weight in pounds 
(X-axis) and c be the cost in 
dollars (Y-axis) as shown at the 
right. 

(a) If ^the number of pounds 
purchased is increased, 
what happens to the. cost? 

(b) What is the slope of the line? 

(c) Write an eqxiation ea5)ressing the relation between the 
y-ccordinate and the x-coordinate for each point on the 
line. 

At the right we have pictured a 
Cylinder filled with air. Pressure 
can be exerted by placing a weight 
on the platform P which is connected 
to a piston in the cylinder. The 
volvune occupied by the air depends 
on the amount of pressure, which, in 
turn, depends on the weight at P. 
Masses of various weights are placed 
on the platform P of the piston. 
A pressure gauge is used to measure 
the pressure p in poiands per square 
inch of the air in the cylinder. Ttie height of the piston is 
measured each time and v, the volume, in cubic inches, of 
air in the cylinder is deterailned. Here is a table showing 
the results: 




Plotfornn 



•^-.^^ ^Piston 



height 



P ; 


15 


20 


25 


30 


V 




187.5 


150 


125 
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Make a graph showing the relation 
between p and v and use the 
graph in answering the following, 

(a) Predict the measure of the 
volume if p = 40, 

(b) As the weight increases, what 
happens to the volume of the 
air? 



75" 
50- 
25- 



-I 1 H- 

5 10 15 



(c) If the pressure is 10, predict the measure of the 
volume. 



(d) As the volume increases, what happens to the pressure? 



These are but two /^examples of the many situations where two 
quantities are related. In these examples you saw that when one of 
the quantities changes, then the other one also changes in a certain 
definite way. Mathematicians sometimes say a quantity "varies" 
when the quantity changes. In the rest of this chapter we shall 
study some of the simplest properties related to changes. Ohese 
properties are sometimes called laws of veriation. 

Exercises 9-7 



1. 



Weight in pounds 


0 


1 


2 


3 


4 


Stretch in Inches 


0 


3 
T 


4 




3 



Which a spring is 
stretched when 
masses of various 
weights are hung on it are given in the table. Make a graph 
showing the relation between the 
weight w in pounds and the ^ $ 

stretch s in inches. 



(a) As w increases, what 
happens to s? 

121 



2 ■ 



W 
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(b) As s increases what happens to w? 

(c) Predict the measure of s when the measure of w is 
A scale in inches is niarked off on a board, like this: 





1 


2 


, 3 


4 


5 


6 


7 


8 


9 


10 


-1 



nien it is propped up like this: 



Board 



Support 




Table 



Suppose one places a marble at various distances from the 
bottom and, with a stop-watch, measures how long it takes 
for the marble to roll to the bottom. Here are the results, 
with the time measured to the nearest ^ second: 



^ (measure of the 

distances In Inches) 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


^ (measure of the time 
In seconds) 


.1 


.3 


.3 


.4 


.4 


.5 


.5 


.6 


.6 


.6 



Make a graph showing the relation 
between d and t. 

(a) As the measure of d varies 
(changes), does the measure of ^' ' 
t vary? Explain. ~ 

(b) Can you predict about how long it will take the mrble 
to roll 12 inches? 



■> d 



122 
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3. Considei? a box, with a square base, 
. of voltune 100 cubic inches. Make 
a table showing the relation between 
the measure s of the length of the 
side of the base and the measure h 
of the height. 




s 


1 


2 


3 


k- 


5 


6 


7 


8 


9 


10 


h 























(a) Make a graph showing the 
relation between s and h. 

(b) Give a formula expressing h 
in terms of s. 



20" 
10" 



9-8. Direct Variation 

In Problem 1 of the last set of exercises, how would you find 
the cost of 15 pounds of peanuts? Of course, you would say, "One 
pound of peanuts costs 0.60 dollars. To find the cost of 15 

pounds I must (add, subtract, multiply, or divide?) the 

cost per pound by the number of pounds. The answer is 

(What is it?)." • You can express this process of calculation by 
means of an equation: 

c = (0.60) (What operation must be performed?) 

When you graphed this relation, you obtained a straight line 
through the origin: 
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What is the equation of this line? IVhat is the slope of this line 
If you increase the amount you buy by 10 pounds, how much does 
the cost increase? IVhat is the change in the cost for each unit 
change in the weight? 

We say that c varies directly as w, or that the cost is 
proportional to the weight. In this relation, the ratio of the 
measure of the cost to the measure of the weight is always. O.6O. 
Because this number does not change, we call it a constant. We 
say that O.60 is the constant of proportionality . 

If your father drives along a straight road at the speed of 
50 miles per hour, how far does he go In 1 hour? 2 hours? 
3.5 hours? t hours? The rnt^^asure d of the distance traveled 
is given in terms of the measure t of the time by the formula: 

d = 50t. 

We see that the measure of the distance is a constant times the 
measure of the time. The ratio of the measure of the' distance 
to the measure of the time is a constant. The distance varies 
directly as the time. We may also say that the distance is pro- 
portional to the time. Ihe constant of proportionality is 50. 

In the graph of the equation y = 2x, the y-coordinate of 
the points on the graph is a constant times the x-coordinate. in 
other words, y varies directly as x. We can also say the 
y-coordinate is proportional to the x-coordinate and the constant 
of proportionality is 2^ the slope of the line. 
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Class Exercises 9-8 

According to Hooke's law of elasticity, the amount that a 
spring stretches is proportional to the weight: of the object 
hung on it. Suppose you know that when a mass having a weight 
of 2 pounds is hung on the spring, the spring stretches 3 
inches. How much stretch would be produced by an object 
weighing 5 pounds? 

(a) We may express Hooke's law by means of the equation: 

s = k • w 

where k is some constant of proportionality, 

s is the measure of the stretch of the spring 
in inches, 

w is the measure of the weight in pounds. 

Replacing s and w with 3 and 2 results in the 
following equation, 

3 = k • 2. 

Solve to find the constant of proportionality, k. 

(b) Replace the k in the equation s = k • w with your 
answer from (a) and solve to find s when w = 5. 

(c) Copy and complete the following table using your answer 
from (a) as the constant of proportionality. 



w 


0 


1 


2 


3 


4 


5 


s 















(d) Does the measure of s vary directly with the measure 
of w? 

Assime the cost of gasoline is 32 cents per gallon. 

(a) Write an equation in mathematical terms showing the total 
cost in cents, t, of n gallons of gasoline. 

(b) Write an equation showing the cost as a number of dollars, 
d, for n gallons of gasoline at 32 cents per grallon, 
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(c) Does the measure of t vary directly with the measure 
of n? 

(d) Does, the measure of n vary directly with the measure 
of t? 

(e) l^/hat is the constant of proportionality in this problem? 

Exercises 9-8 

(a) Write a sentence in mathematical terms ^bout the total . 
cost^ t cents, of n gallons of gasoline at 33.9 
cents per gallon. 

(b) In this statement the cost may also be stated as d 
dollars. . Write the sentence a second way, using d 
dollars. 

(a) If your pace is normally about 2 feet, how far will 
you walk in n steps? 

(b) Use d feet for the total distance and write the formula. 

(c) If n increases, can d decrease at the same time? 

(a) Write a formula for the number i of inches in f 
feet. 

(b) As f decreases what happens to i? 

State the value of the constant, k, in each of the equations 
you wrote for Problems 1 to 3. 

Can you write the equation in Problem 2 in the form ^ = 2? 
What restriction does this form place on n? 

Find k if y varies directly. as x, and y is 6 when • 
X is 2. 

Find k if y varies directly as x, and y is "3 when 
X is "12. 
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(a) Sometimes it is required to write 
an equation from a given set of 
values. Prom the information in 
the table, does it appear that a 
varies directly as b? Why? 

(b) What equation appears to relate 
a and b ? 

Suppose that d varies directly as t and that when t is 
6, d is 240. Write the equation relating d and t. 

(a) Use the relation y = *o supply the missing values in 
the following ordered pairs: (""4, ); (""3, ); C2, ) 
Cl, )J (0, )J (2, ); (5, ). 
. (b) Plot the points on graph paper. 

(a) In the relation of Problem 10, when the niomber x is 
doubled, is the corresponding niamber y doubled? 

(b) When x is halved, what happens to y? 

(c) When the number y is multiplied by 10 what happens 
to the corresponding number x? 

(d) Are your statements true for negative values of x and 

(a) In the equation y = kx what happens to the number x 
if y is halved? 

(b) What happens to y if x is tripled? 

(a) Give an example of direct variation when the cor tant of 
proportionality is a large niomber. 

(b) Give another example where 1 > k > 0. 



a 


b 


20 


2 


50 


5 


-70 


"7 


100 


10 


'no 


"11 
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9-9. Inverse Variation 

Suppose you have 12 quarts of punch for a party, and you 
want to be perfectly fair to your guests and serve each one exactly 
the same amount. How does the amount for each guest vary with the 
number n of guests? For example, if the number of guests Is 
doubled, what is the change In the amount that each one gets'' Let 
q be the number of quarts of punch per guest. Ihen, the total 
amount of punch, which is 12 quarts. Is equal to: 

^ ^ (the number of quarts per guest) • (number of guests). 

•■ The relation between q and n can be expr^essed by means of the 
equation, 

q • n = 12, 

where the constant of proportionality Is 12. 

A table of values for the equation q • n = 12 Is shown below. 
A table of values for the equation y = 3 • x Is shown for compar- 
ison. Check the tables and compare the values shown. 







q • 


n = 


12 






q 


1 


2 


3 


k 


5 


6 


n 


12 


6, 


4 


3 


12 
5 


2 







y 


= 3 


• X 






X 


1 


2 


3 


k 


5 


6 


y 


3 


6 


9 


12 


15 


18 



m the table of values for y = 3 • x, y Increases as x 
increases. Actually, there Is a more definite relationship: if 
any entry for x Is doubled, so Is the corresponding entry for y 
If the entry for x Is tripled, so Is the corresponding entry for' 
y. in fact. If an entry for x Is multiplied by any number, the 
corresponding entry for y is multiplied by this same number. 
Olils is what we mean by saying "y varies directly as x." Ihis, 
then. Is an example of direct variation. 

The first table of values Is quite different. Here, n 
decreases as q Increases, lliere Is a more definite relationship: 
If any, entry for q Is doubled, the corresponding entry for n Is 
divided by 2; if an entry for q is tripled, the corresponding 
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entry for n is divided by 3. In fact, if an entry for q is 
multiplied by any number, the corresponding entry for n is 
divided by this same number. We express the relationship 
CL,j..n = 12 by saying: 

"q varies inversely as n," 

Another way of saying the same thing is: 

"q is inversely proportional to n," 

The graphs of q • n = 12 and y = 3 • x are shown below for 
positive values of q, n, y and x. Notice how what we have said 
above is shown in the graphs. 



1 






















































































































































































































































-J 




























— - 














































































































































































— If 






























q 

































i 


r1 
























t 














— i 












































H 


— 1 














It 






























































— i 
















1 












































¥ 

X 



Exercises 9-9 

1. (a) Tcie table below, as it is now filled in, shows two 

possible ways in which a distance of 100 miles can be 
traveled. Copy and complete the table. 



Rate (ml. per hr.) 


10 


20 


25 


50 


60 


75 


80 


100 


Time (hours) 


10 


5 















(b) From part (a), use r for the number of miles per hour 
and t for the number of hours and write an equation 
connecting r and t and 100. 
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(c) When the rate Is doubled what Is the effect upon the 
corresponding time value? 

(d) When t increases in rt = 100 what happens to r? 

(a) Suppose you have 240 square patio stones (flagstones). 
You can arrange them in rows to form a variety of rec- 
tangular floors for a patio. If s represents the 
number of stones in a row and n represents the number 
of rows, what are the possibilities? Copy and fill m 
a table like this one. 

Total Number of Stones: 240 
Number of stones in a row 10 12 I5 16 30 40 
Number of rows 24 

(b) Write an equation connecting n, s, and 240. (If you 
cannot cut any of the stones, what can you say about the 
kind of numbers n and s must be?) 

(a) A seesaw will balance if 
wd = WD when an object 
weighing w pounds is ^ 

d feet from the fulcrum and on the other side an object 
weighing w pounds is D feet from the fulcrum. If 
TO = 36, find D when W is 2, 9, or 18 and find 
W when D is 1, 6, 12. 

(b) mat can you say about corresponding values of W as D 
is doubled if wd remains constant? As numbers substi- 
tuted for W increase, what can you say about correspond- 
ing values of D provided wd remains constant? 

Write an equation connecting rate of interest r and the 
number of dollars on deposit p with a fixed interest payment 
of $200 per year. Discuss how corresponding values of r 
are affected as different numbers are substituted for p. If 
the interest rate were doubled how much money would have to be 
on deposit to give $200 interest per year? 



w 



W 
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5. Give the constant of proportionality in each of the Problems 
1 to 4. ' - 

6. State your Impression of the difference between direct varia- 
tion and inverse variation. 

7. Find k if y varies inversely as x and if y is 6 when 
X is 2. 

8. Find k if X varies inversely ks y and if y is 10 
when X is 

9. Prom the infonnation in the table does it appear that a 
varies inversely as b? Explain your answer. 



a 


'4 


"1^ 1 3 8 


19 


41 


b 


"8 


"2 2 6 l6 


38 


82 



10. study the number pairs which follow: ("2, 8); ("l, 2); 
(0, 0); (1, 2); (2, 8); (3, l8); (4, 32). 

(a) Does it appear that y varies directly as x? 

(b) Does it appear that . y varies inversely as x? 

11. (a) Supply the missing values in the table below where 

xy = l8. 

"4 ""3 "2 "l 1 2 3 4 5 6 7 8 9 18 



(b) Is it possible for x or y to be zero in xy = l8? 
Why? 

(c) Plot on graph paper the points whose coordinates you 
found in (a) and draw the curve. You may wish to find 
more number pairs to enable you to draw the curve more 
easily. Does your curve look like the one following 

(d)? 



13 i 
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(d) Some of you may have met this curve in the seventh grade 
in connection with the lever, or balance. The curve, of 
which your graph is a portion, is called a hyperbola . It 
has two branches. A hyperbola shows variation. 
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12. On graph paper, draw the graph of xy = 6. 
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Notice that in the discussion of direct and inverse variations, 
the letters x and y may be used interchangeably. In y « kx, 
if k is not zero, we say that x varies directly as y and y 
varies directly as x. In xyak, k cannot be zero and we say 
that X varies inversely as y or that y varies inversely as 
X. In these stStements x and y can represent diffei?ent pairs 
of numbers while k represents a constant, that is, a fixed number. 
In the general equation the letter "k" is used rather than a 
particular niomeral, in order to include all possible cases. Since 
for X ^ 0, the eqxaation xy = k may be written ^ - ^ ' ^ which 
says that y varies directly as the reciprocal of x. 

Occasionally you may see direct variation represented by the 
statement ^ = ^« l^^ere are times when this form is useful, but 
from your work with zero you know that ^ = k excludes the pes- 
sibility of X being zero. 

Ihe graphs of y = kx and xy = k include points with nega- 
tive coordinates. In many problems it doesn*t make sense for x 
or y to be negative. In the problem of serving punch at your 
party, the number n of guests must be a counting number. In such 
cases the equation is not a completely correct translation of the 
relation into mathematical language. The correct translation of 
your punch-at-the-party problem is the number sentence 

(1) "pn = 12 and n is a counting number." 
The correct translation of Boyle's law is 

(2) "pv = k and p > 0 atid • v-^> 0." 

When you graph the niomber sentence (l) you obtain a set of isolated 
points in the first quadrant. The graph of the relation (2) is the 
branch, of the hyperbola 

pv = k 

which lies in the first quadrant. 
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9-10. Other Types of Variation (Optional) 

If we make a table of the measure d of the distance in feet 
through which an object (such as a vmtermelon) falls from rest In 
t seconds, we obtain results like this:- 



t 


0 


l' 


2 


3 


i^ 


d 


0 


16 


64 


144 


256 



Sketch a graph of the relation between d and t. Since the 
numbers for d are large, you may wish to use a different unit on 
the d-axls from that used on the t-axls. 



d 
f 

150 
00 ■■ 
50-- 
0 



t 



You obtain a part of a curve called a parabola. 

If the number t Is doubled, by how much is the number d 
multiplied? If t is tripled, by how much Is d multiplied? As 
you see, d varies directly as t^. we can express the relation 
by means of the equation 

d = kt^, 

where k Is constant. What Is this constant? How far does the 
object fall In 10 seconds? 

Galileo discovered this law many years ago. He started with 
experiments like that with an Inclined plane (see Problem 2 of 9-7). 
From the table we gave. It would be hard to guess the law. More 
accurate measurements would form the basis for a correct guess. 
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Exercises 9-1 Oa 

(a) What is the area of each face of a cube whose sides have 
length 2 inches? How many faces are there? What is 
the total surface area ^ the total area of all faces? 

(b) Make a, table showing the relation ^between the lengths of 
each side of a cube and the surface area# 



s 


1 


2 


3 


4 


5 


6 


A ^ 















Let S be the measure of the area in square centimeters of a 
square with edges e centimeters long. 

(a) Find an equation connecting S and e. 

(b) Tell how S varies with e. 

(c) Plot the graph of the equation you found in ^(a). Use 
values of e from 0 to 15 and choose a convenient 
scale for the values of S. 

(d) Prom the graph you drew in (c), find: 

(1) The area of a square with edges 3 cm. long, 

(2) The length of the edges of a square of area 64 
square centimeters. 

(3) Ttie area of a square with edges 5»5 cm. long. 

(4) The length of the edges of a square of area 
40 sq» cm. 

(e) Prom the equation you found in (a), find: 

(1) The area of a square with edges 3 cm. long. 

(2) The area of a square with edges 5»5 cm. long. 

Por each of the observations in Problem -2 of Exercises 9-7 

calculate the ratio Pind the average of these ratios. 

t 

Make a graph of the eqiaation 

d = kt^ 
[sec. 9-10] 
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Using for k the average of the ratios which you have 

t 

Just calculated, mark off the points representing the obser- 
vations. Does the "theoretical curve" fit the experimental 
data fairly well? Does It seem that Is nearly constant 

according to the data? ^ 

4. If E Is proportional to the square of v and E Is 64 
when V Is 4, find: 

(a) an equation connecting E and v. 

(b) the value of E when v = 6. 

(c) the value of v when E = l6. 

5. Suppose grass seed costs 70 cents per pound, and one pound 
will sow an area of 2&0 sq. ft. 

(a) How many pounds of seed will be needed to sow a square 
plot 10 ft. on a side? 

(b) How much will It cost to buy seed to sow a square plot 
10 feet on a side? 

(c) If C cents Is the cost of the seed to sow a square 
plot s feet on a side, find an equation connecting 
C and s. 

(d) How much will It cost for seed to sow a square plot 65 
feet on a side? 

(e) If $15.00 Is available for seed, can enough be bought 
to sow a square plot 75 feet on a side? 

6. A ball Is dropped from the top of a tower.,. The distance, d 
feet, which It has fallen varies as the square of the time, 
t sec, that has passed since It was dropped. 

(a) Prom the Information above, what equation can you write 
f connecting d and t? 

(b) Find how far the ball falls In the first 3 seconds. 
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(c) If you are also told that the ball falls 144 feet in 
the first 3 seconds, write an equation connecting d 
and t • 

(d) Using the equation you wrote in (c), can you find how far 
the ball falls in the first 5 seconds? 

Newton's law of gravitation says that the force with which 
two objects attract each other varies inversely as the square of 
the distance between them: 




where k is a constant. 

The problems in this chapter give you some idea of the many 
different ways in which two varying quantities may be related to 
each other. In most of the cases we have discussed, the relation 
can be expressed by an equation of the form 

y = kx" 

or 

X 

where n is a counting niomber and k is a certain constant. As 
we have indicated many of the laws of nature are of this type. 

Exercises 9-1 Ob 

Use the followinp; notation: e cm. is the length of one 
► edge of a cube; P cm. is the perimeter of one face of the cube; 
S sq. cm. is the total area of all faces of the cube; V cu. cm. 
is the voliome of the cube . 

1. Find an equation connecting P and e; S and e; V and e 
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2, Complete the following statements: 

(a) P varies 

(b) £ varies 

How would you describe the way V varies with e? 

3, On one set of axes, plot the graphs of the three equations 
you found in (a). Use the values 0, 1, 2, 3, 4 for e. 

4. Prom the graphs you drew in Problem 3, find P, S, and V 
when e is 2|. Check by using the equations you found In 
Problem 1. . 

5. Use the graphs you drew in Problem 3 to estimate which of P, 
S, and V will be greatest and which will be smallest when' 
e is 10. Use the equations you found in Problem 1 to test 
your gusss. 



9-11. Summary and Review 

Our work on right triangles in this chapter was based on the 
property: If a pair of corresponding acute angles in two triangles 
are equal in measurement, then the ratios of the measure© of the 
lengths of corresponding sides are equal. 

In mathematical language : 

If angles BAC and B«A«C« are equal in measurement 
angles ACB and A«C»B« are right angles, yiB' 



and 
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then in the triangles ABC and A'B'C we have 

AC BC _ AB 
ATcT " B^CT A«Ff 

The following pairs of ratios are also equal: 

AC _ A«C« ^ _ B«C< BC B«C« 
AB AW AC AB aTbT* 

Two triangles ABC and DEP, whether they are right; triangles 
or not, are said to be similar if there is a one-to-one corre- 
spondence, 

A< > D, B< — >E, C< >F 

between the vertices such that 

(1) corresponding angles are conginient, and 

(2) corresponding sides are proportional. 

It is stated, though not proved, that either of these conditions 
Implies the other. 

■ In a right triangle the following trigonometric ratios are 
Important 
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sin ^ CAB = fl tan / CAB = f| cos / CAB = || 

Ttxe equation of a line through the origin has the form 
y == kx, where k is a constant. The number 
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k Is called the slope of the line. If e (read "theta") Is the 
measurement of the angle which the line makes with the positive 
ray of the X-axls, then 

k = tan © 

If Q (x, y) Is any point on the line other than the origin, 
then 

As a point Q moves along the line, then 

Change In' y ^ _ 
Change In xr ^ ~ siope. 

Direct application of the Idea of similar figures is made to 
scale drawings and maps. 

Biis relation betv/een two quantities is one of the types of 
variation considered in this chapter. The three kinds of variation 
considered in this chapter are direct variation, inverse variation, 
and direct variation as the square. 

(l) Direct variation: y = kx 

(a) If X and y are related by the equation y = kx,. 
where k is a constant not zero, we say that y 
varies directly as x. We sometimes omit the word 
"directly. " 

...ip) 13ie nvunber k Is' called the constant of proportion- 
ality. 

.[sec. 9-11] 
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(c) When k is positive, as x increases y must 
increase and as x decreases y must decrease. 

(2) Inverse variation: xy = k 

(a) If X and y are related by the equation xy = k, 
where k is a constant (not zero), we say that y 
varies inversely as x. 

(b) Tne number k is the constant of proportionality 
between y and the reciprocal of x as shown in 
the form y = k • i. 

X 

(c) When k is positive, as x increases y must 
decrease, and as x decreases y must increase. 

(d) The graph of xy = k is not a straight line, but 
a curve" with two branches. The graph does not go 
through the origin, and there is no point on the 
graph for x = 0 or for y = 0. 

The exercises below review the different types of variation 
discussed in this chapter. 

Exercises 9-11 

1. If y varies directly as x,. and i*f y is 16 when x is 
2, find y when x is 5. 

2. If y vailes inversely as x, and if y is I6 when x 
is 2, find y when x is 5. 

3. If y varies directly as the square of x, and if y is 
16 when X is 2j find y when x is 5. 

4. ■ The areas enclosed by two similar polygons are proportional 

to the squares of any two corresponding diagonals. Tcxe 
polygons on the next page are similar and point C is 2 
centimeters from point A; point G is 3 centimeters from 
point E. Find the ratio of the measures of the regions 
enclosed by the polygons. : 
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5. The distance, d inches, a spring is stretched varies 
directly as the pull, P pounds, which is applied to the 
spring. 

(a) If a pull of 10 lbs. stretches a certain spring 5 
inches, what pull is required to stretch it 14 inches? 

(b) For the spring in (a), how far will it be stretched by 
a pull of 14 lbs.? 

6. Bie pressure, p lbs. per sq. in., exerted by a certain 
amount of hydrogen gas varies inversely as the voliome, v 
cu. in., of the container in which it is kept. If the 
pressure is 7 lbs. per sq. in. when the gas is in a 
gallon Jug, what would be the pressure if the gas were 
enclosed in a half -pint Jar? 

7. Show that, in x + y = k, y does not vary inversely as x. 

8. If A is 24 in A =-/w, what kind of variation is 
Ijidicated between ^ and w? 

9. What kind of variation is represented by C = ird? What is 
the constant of proportionality? 

2 

0. Suppose V = TTT h, and suppose the number r is multiplied 
by 5 while h is unchanged. What happens to V? What is 
the constant in this case? 

142 

[sec. 9-11] 



ERIC 



4l6 



11. Make a table showing the relation between the measure h of 
the length of the altitude and the measure b of* the length 
of the base in an equilateral triangle. Calculate your results 
correct to 1 decimal place. 




b 



b 


2 


4 


6 


8 


10 


h 













Ihis table can be completed by measurement. Construct equilat- 
eral triangles of base 2 units, 4 units, etc. Your results 
will be more accurate if your triangles are not too small. 
Make a graph showing the relation between b and h. IVhat 
simple geometric figure is foiroed by the graph? 

12. Give a formula expressing h in teiros of b in Problem 5. 

b 

You may wish to use tan 60^ = h -r 2' 

13. Make a table showing the relation between the measure b of 
the length of the base and the measure A of the area of an 
equilateral triangle. Use the values of b which you used 
in your table for Problem 5« Make a graph showing the rela- 
tion between b and A. Give a formula for A in terras of 
b. 
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Chapter 10 
NON-METRIC GEOMETRY 

10-1. Introduction 

Our earlier work in geometry has been concerned largely with 
geometric figures in the plane, although a few solids like cubes 
and cylinders have been considered. The world we see around us 
is very definitely a 3-dimensional one. Your desk and chair are 
rather complicated solids. Buildings illustrate numerous curves, 
surfaces, and solids in 3-dimensional space. To describe the 
flight of a plane, or of a rocket, or of an artillery shell re- 
quires a rather precise knowledge. of geometric space. 

A common automobile gear illustrates a complicated 3-dimen- 
sional object that at present we are unable to describe in mathe- 
matical terms. The sky, with its planets, stars, satellites, and 
Jets; the earth with its various hiomps, hollows, and canyons (all 
placed on top of a more or less "spherical" shape); our roads and 
superhighways; your own house, school, church, and museum— these 
all suggest a myriad of geometric" figures, forms, and solids which 
the geometer seeks to describe. 

In this chapter, and in Chapter 11 and 12 which follow, we be- 
gin some further work in the study of 3-dimensional geometry— the - 
geometry of the space in which we live. Of course, we cannot im- 
mediately develop satisfactory methods of describing all the things 
we use or see or read about. You will learn ways to think about 
geometric properties in space in terms of simple components and in 
terms of their similarities to simple figures in the plane. You 
will learn how to relate space properties to those properties we 
have learned about points, lines, and circles. You will learn how 
to investigate and discover some of these properties on your own. 
In the process you ir/ill get a better idea about how the mathemati- 
cian works to break down complicated geometric figures into simpler 
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components that are easily studied. This type of approach is a 
valuable one in many respects — valuable alike to the future 
mathematician, engineer, housev/ife, businessman, or carpenter. 



10-2 . Tetrahedrons 



A geometric figure of a certain type is called a tetrahedron , 
A tetrahedron has four vertices v/hich are points in space. The 
drawings below represent tetrahedrons. Another form of the word 
"tetrahedrons" is"tetrahedra." "Tetra" is the Greek word for four, 




The points A, B, C, and D are the vertices of the tetra- 
hedron on the left* The points P, Q, R, and S' are the vertices 
of the one on the right. The four vertices of a tetrahedron are 
not in the same plane. The word "tetrahedron" refers either to 
the surface of the figure or to the "solid" figure— that is, the 
figure including its interior. Prom some points of view the 
distinction is unimportant. Usually, v;e shall use the term "solid 
tetrahedron" when we mean the surface together v/ith the interior. 
We can name a tetrahedron by naming its vertices. Usually we shall 
put parentheses around the letters like (ABCD) or (PQRS) in 
naming solid tetrahedrons. The vertices may be named in any order. 

The segments AB, BC, AC, AD, and "CD, are called edges 

of the tetrahedron (ABCD). We sometimes will use the notation 
(AB) or (BA) to mean the edge AB. What are the edges of the 
tetrahedron (PQRS)? 11^ 



[sec. 10-2] 



Any three vertices of a tetrahedron are the vertices of a 
triangle and lie in a plane. A triangle has an interior in the 
plane in v/hich its vertices lie (and in which it, lies). Let us 
use (ABC) to mean the triangle ABC together with its interior. 
In other words, (ABC) is the union of A ABC and its interior. 
The sets (ABC), (ABD), (ACD), and (BCD) are called the faces of 
the tetrahedron (ABCD): What are the faces of the tetrahedron 
(PQRS)? 

We introduce length or measurement here, and occasionally else- 
where, for convenience in making some uniform models and because 
of greater ease in visualizing the solids. This chapter deals 
fundamentally with non-metric or "no-measurement" geometry. You 
will be asked to make some models of tetrahedrons in the exercises. 
The easiest type of tetrahedron of which to make a model is the 
so-called regular tetrahedron. Its edges are all the same length. 
On a piece of cardboard or stiff paper construct an equilateral 
triangle of side 6". You can do this with a ruler and compass or 
with a ruler and protractor. 




Can you see how the drawing on the left above suggests the 
construction with ruler and compass? The arc through Q and R 
has center at P. The other arc through R has the same radius, 
but its center is at Q. The segments PQ, W, and W have the 
same length and are congruent. 

Now mark the three points that are halfway betv;een the pairs 
of vertices. Cut out the large triangular region. Carefully make 
three folds or creases along the segments Joining the "halfway" 
points. You may use a ruler or other straightedge to help you 
make these folds. Your original triangular region now. looks like 
■four smaller triangular regions. Bring the original three 
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vertices together above the center of the middle triangle. Fasten 
the loose edges together with tape or paper and paste. This is 
easier if you add flaps as in the third figure. You now have a 
model of a regular tetrahedron. 

How do we make a model of a tetrahedron which is not a reg- 
ular one? Cut any triangular region out of cardboard or heavy 
paper. .Use this as the base of your model as shown below. Label 
its vertices A, B, and C. Cut out another triangle with one of 
its edges the same length as AS. Fasten these two triangles 
together with tape along edges of equal length; for instance, use 
edge (AB). Ti70 of the vertices of the second triangle are now 
considered labeled A and B. Label the other vertex of the sec- 
ond triangle D. Cut out a third triangular region with one edge 
the length of aS and another the length of AC. If the angle 
between these edges is too large or too small, the model is more 
difficult to put together. Now fasten the edges of the third tri- 
angle to AD and AC* with tape so that the three triangles fit 
together in space. The model you have constructed so far will look 
something like a pyramid- shaped drinking cup if you hold the vertex 
A at the bottom, as in the drawing below. Finally, cut out a tri- 
angular region which will fit the top and fasten it -to the top. 
You now have a model of a tetrahedron. 
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Exercises 10-2 

1. Make two cardboard or heavy paper models of a regular tetra- 
hedron. Make your models so that each edge is 3" long. 

2. Make a model of a tetrahedron that is not regular. 

3. In making the third face of a non-regular tetrahedron, what 
difficulties would you encounter if you made the angle DAC 
too large or too small? 



10-3. Simplexes 

A single point is probably the simplest set of points you can 
think of. ■ A set consisting of two points is probably the next most 
simple set of points. Any two different points in space are on 
exactly one line, and are the endpoints of exactly one segment 
(which is a subset of the iine). A segment has length but does 
not have width or thickness, so it does not have area. We speak 
of a segment or a line as being 1-dimensional . Either could be 
considered as the simplest 1-dlmensional object in space. In this 
chapter we will think about the segment, not the line. 

A set consisting of three points is the next most simple set 
of points in space. If all three points are on the same line, we 
get only part of a line. This is the same object that we got with 
Just two points. Let us agree, therefore, that our three points 
are not to be on the same line. Thus, there is exactly one plane 
containing the three points and there is exactly one triangle with 
the three points as vertices. There is also exactly one triangular, 
region which, together with the triangle that bounds it, has the 
three points as vertices. This mathematical object, the triangle, 
together with its interior, is what we will think about. It has 
area and it is 2-dimensional . It can be considered as the simplest 
2-dlmenslonal object in space. 
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The next most simple set of points in space would be a set 
of four points. If the four points were all in one plane then 
the figure determined by the four points would also be in one 
plane. We want to require that four points are not all in any one 
plane. . This requirement also guarantees that no three dan be on 
a line. If any three were on a line, then there would be a plane 
containing that line and the fourth point, and the four points would 
be in the same plane. V/e have four points in space, then, not all 
in the same plane. This suggests a tetreihedron. The four points 
in space are the vertices of exactly one solid tetrahedron. A 
solid tetrahedron has volume, and it is 3-dlmensional. It may be 
considered as the simplest 3-dimensional object in space. 

Here we have four sets, each of which may be thought "of as 
the simplest of its kind. Among them are remarkable similarities; 
they should have names sounding alike and reminding us of their 
basic properties. We call each of these a simplex . We tell them 
apart by labeling each with its natural dimension. Thus, a set 
consisting of a single point is called a 0-simplex . A segment is 
called a 1-simplex . A triangle, together with its interior, is 
called a 2- simplex . A solid tetrahedron (which includes its 
interior) is called a 3-simplex . 

Let us make a table to help us keep these ideas in order. 
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Nxmber of points 


Simplest object 
determined 


To be called 


1 


point 


0-simplex 


2 


segment 


1-simplex 


3 


triangle together 
with its interior 


2-simplex 


4 


solid tetrahedron 


3 -simplex 



There is another v/ay to think about the dimensions of these 
sets— the notation of betweenness, or of a point being between 
two other points. 

Let us start with two points. Consider these two points and 
all points between them. The set so formed is a segment. Now take 
the segment together with all points that are between anjr two 
points of the segment. We get Just the same segment. No new points 
were obtained by "taking points between" again. The process of 
"taking points between" was used just once. We get a 1-dimensional 
set, a 1-simplex. 



Class Exercise 10-3 



Mark three points A, B, and 
C, not all on the same line, 
about the same distance apart 
as in the figure at the right. 



B 



(a) Draw line segments includ- 
ing all points between A 
and B, between B and 
C, and between A and C. 
What does. the figure re- 
present? 




B 
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(b) 



Shade or color all points 
between any two points of 
the set determined in (a). 
What does this figure 




represent? 



B 



C 



(c) If the process in (b) is applied again will you get any" 
<t^new points? How many tim!es did you use the process? The 
figure you have obtained represents ia 2-dimensional set, 
a 2-simplex. 

Think of four points A, C, and B, not all on the same 
plane. It will be better in this problem to use your model of 
a non-regular tetrahedron than to try to draw a figure. 

(a) Shade or color (or draw a segment) which will include all 
points hetvfepn A and B. Also, shade in (or. draw the 
segment) containing all points between B and ?^ between 
A and C, and so on, until all points between any two 
vertices are included in your drawing. Describe the set of 
points you have drawn. 

(b) Shade or color all points between any two points of the 
set determined in (a). Describe the set of points which 
are shaded or colored. 

Ce)^ Think of the union of the set of points which are shaded 
or colored and all points between any two of the shaded 
or colored points. Describe this- new set of points as a 
union of two sets. 

(d) If the process is repeated again, will you get any new 

points? How many times did you use the process? The set 
of points obtained in (c) is a three dimensional set, a 
3-simplex, 

Let us consider Just one point. 

(a) If you start with just one point and apply the process 
used in Problem 1 and 2, what set will you obtain? 
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(b) How many times win you need to apply the process of 

taking all points between any two points"? The set of 
points obtained Is a 0-dlmensional set, a 0-slmplex. 

Finally, let us consider a 3-slmplex again. Look at one of 
your models of tetrahedrons, it has four faces, and each face Is 
a 2-slmplex. It has six edges and each edge is a 1-slmplex, it 
has four vertices and each vertex Is a 0-slmplex. 



Exercises 10-3 

1. (a) A 2-slmplex has how many 1-slmplexes as edges? 
(b) It has how many 0-slmplexes as vertices? 

2. A 1-slmplex has how many 0-slmplexes as vertices? 

3. Draw a figure showing how two " l-slmplexes can have an inter- 
section which is exactly an endpolnt of each. 

4. Draw a figure showing how two 2-8lmplexes can have an inter- ' 
section Which is exactly one vertex of each. 

5. Draw a figure showing how two 2-slmplexes can have an Inter- 
section which is exactly one 1-slmplex of each. 

6. Using models, show how two 3-slmplexes can have an Intersection 
that Is exactly one vertex of each. 

7. Using models, show how two 3-slmplexes can have an Intersection 
that is exactly one edge of each. 

3; Using models, show how two 3-slmplexes can have an Intersection 
Which is. exactly one 2-slmplex of each. 



152 



[sec. 10-3] 



k26 



10-4 • Models of Cubes 

Most of you already know that if you want to make an ordinary 
box you need six rectangular faces for it. The faces have to fit 
and have to be put together correctly. There is a rather easy way 
to make a model of a cube. * " 1 



1 
1 

1 1 

1 

1 




1 
1 
1 
1 









Drav/ six squares on heavy paper or cardboard as in the drawing 
above. Cut around the "boundary of your figure and fold (or crease) 
along the dotted lines. Use cellulose tape or paste to fasten it 
together. If you use paste, it will be necessary to have flaps as 
indicated in the drawing below. 
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- In the exercises you will be asked to make several models of 
a cube... - 

Can the surface of a cube be regarded as the union of 
2-simplexes (that is, of triangles together with their interiors)? 
Can^a. .solid .cube be regarded as the union of 3-simplexes (that is, 
of solid tetrahedrons)? The answer to both of these questions is 
"yes." We shall' explain one way of thinking about these questions. 

Each face of a cube can be considered to be the union of two 
2-siinplexes. The drawing on the left below shows a cube with 
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two of Its faces subdivided into two 2-simplexes each. The face 
ADEH appears as the union of (adE) and (AEH), for example. 
The other face, which is indicated as subdivided, is CDEP. It 
appears as the union of (CDP) and (dPE) . The other faces have 
not been subdivided, but we can think of each of them as the union 
of two 2-slmplexes. Thus the surface of the cube can be thought 
of as the union of twelve 2-simplexes. 
H 







/ 

/ 








With the surface regarded as the union of 2-simplexes we may 
regard the solid cube as the union of 3-simplexes (solid tetra- 
hedrons) as follows. Let P be any point in the interior of the 
cube. Por any 2-simplex on the surface, (CDP), for example, 
(PCDP) is a 3-simplex. In the figure on the right above, p is 
indicated as inside the cube. The 1-simplexes, (PC), (pd), and 
(PP), are also inside the cube. Thus with twelve 2-slmplexes on 
the surface, we would have twelve 3-simplexes whose union would 
be the cube. The solid cube is the union of 3-simplexes in this 
"nice" way. 



Exercises 10-4 

With cardboard or heavy paper, make two models of cubes. 
Make them with each edge 2" long. 

On one of your models, without adding any other vertices, draw 
segments to express the surface of the cube as a union of 
2-siiiipiexes. Label all the vertices on the model A, B, C, D, 
E, P, G, and H. Think of a point p m the interior of the 
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cube. Using this point and the vertices of the 2-slmplexes on 
the surface, list the twelve 3-simplexes whose union is the 
solid cube, 

3. On the same cube as in Problem 2, mark a point in the center 
of each face, (Each should be on one of the segments you drev/ 
in Problem 2.) Drav; segments to indicate the surface of the 
cube as the union of 2-slmplexes, using as vertices the verti- 
ces of the cube and these six new points you have marked. The 
surface is now expressed as the union of how many 2-simplexes? 

4, Think about a geometric figure formed by putting a square- 
based pyramid on each face of a cube with the base of the 
square congruent to the face of the cube. This is one example 
of a polyhedron. How many triangular faces has the surface of 
this polyhedron? Can you set up a one-to-one correspondence 
between this polyhedron, vertex for vertex, edge for edge, and 
2-simplex for ^-simplex, and the surface of a cube subdivided 
into 2-simplexes as in Problem 3? 



10-5, Polyhedrons 

A polyhedron- is the union of a finite number of simplexes. It 
could be just one simplex, or perhaps the union of seven simplexes, 
or perhaps of 7,000,000 simplexes, V/hat v/e are saying is that a 
polyhedron is the union cf some particular number of simplexes. In 
the previous section, v;e observed that a solid cube could be con- 
sidered as the union of twelve 5-simplexes, The figures below 
represent the union of simplexes. 
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The figure on the left represents a union of a 1-simplex and a 
2-simplex which does not contain the l-slmplex. it is therefore 
of mixed dimension. In what follows, we shall not be concerned 
with polyhedrons of mixed dimension. We assume that a polyhedron 
is the union of simplexes of the same dimension . We shall speak 
of a 3-dimensional polyhedron as one which is the union of 3-si,m- 
plexes. A 2-dimensional polyhedron is one which is the union of 
2-simplexes. A 1-dimensional polyhedron is one which is the union 
of 1-simplexes. Any finite set of points could be thought of as a 
0-dimensional polyhedron, but we won't be dealing with such here. 
A polyhedron does not necessarily consist of one connected part, 
although most of our examples will be of this type. 

The figure o^i the right above represents a polyhedron which 
seems to be the union of two 2-slmplexes (triangular regions) but 
they do not intersect nicely. We prefer to think of a polyhedron 
as the union of simplexes which intersect nicely as in the middle 
two figures. The third figure shows two 3-3impiexes with a 2- 
simplex es their intersection. Just what do we mean by simplexes 
intersecting nlceljr? There is an easy explanation for It. 

If two simplexes of the same dl^nension intersect nicely , then 
the inte.rsection must be a face, or an edge , or a vertex of each. 

Let us look more closely at the union of simplexes which do 
not intersect nicely. In the figure 
on the right the 2-slmplexes {hEi?) 
and (HJK) have Just the point H 
in common. They do not intersect 
nicely . While H is a vertex of 
(HJK), it is not of (DEF). How-. 
ever, the polyhedron which is tho 
union of these two 2-slmplexes is 

also the union of three 2-&lmplexes which do intersect nicely . 
(DEH), (DHF), and (HJK). 
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The figure on the left rep- 
resents the union of the 2-sim- 
plexes ( ABC) and ( PQR) • They 
do not intersect nicely. Their 



intersection seems to be a quadri- 
lateral together with its interior. 



C 



On the right we have indicated 
how the same set of points (the 
same polyhedron) can be consid- 
ered to be a finite union of 2- 
simplexes which do intersect 



B 



nicely. The polyhedron is the 
union of the eight 2-simplexes, 



P 




R 



Q 



(ACZ), (CZY), (PZW), (XYZ), (WXZ), C 
(BWX) , (XYR) , and (YQR) , 

, These examples suggest a fact about polyhedrons. If a poly- 
hedron is the union of slmplexes which intersect any way at all, 
then the same set of points (the same polyhedron) is also the 
union of simplexes which intersect nicely. Except for the exercises 
at the end of this section, we shall always deal with unions of 
simplexes which intersect nicely. We will regard a polyhedron as 
having associated with it a particular set of simplexes which 
intersect nicely and whose union it is. When we use the word 
"polyhedron," we understand the simplexes to be there. 

Is a solid cube a polyhedron, that is, is it a union of 3- 
simplexes? We have already seen that it is. Is a solid prism 
a polyhedron? Is a solid square-based pyramid? The answer to 
all of these questions is yes. In fact, any solid object each of 
whose faces is flat (that is, whose surfaces does not contain any 
curved portion) is a 3-dimensional polyhedron. It can be expressed 
as the union of 3-simplexes. 

As examples let us look at a solid pyramid and a prism with 
a triangular base. 
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In the figure on the left the solid pyramid is the union of 
the two 3-simplexes (abCE) and (ACDE). The figure in the middle 
represents a solid prism with a triangular base. The prism has 
three rectangular faces. Its bases are ( PQR) and (XYZ) . Here 
we see how it may be expressed as 'the union of eight 3-simplexes. 
We, use the same device that we used for the solid cube. First we 
think about the surface as the union of 2-simplexes. We already 
have the bases as 2-simplexes. Then we think of each rectangular 
face as the union of two 2-simplexes. In the figure on the right 
above, the face YZRQ is indicated as the union of (YZQ) and 
(QRZ), for instance. Now think about a point P in the interior 
of the prism. The 3-simplex (Pqrz) is one of eight 3-simplexes 
each with P as a vertex and whose union is the solid prism. In 
the exercises you will be asked to name the other seven. 

Pinally, how do we express a solid prism with a non- triangular 
base as a 3-dlmensional polyhedron—that is, as a union of 3-sim- 
plexes with nice intersections? We use a little trick. We first 
express the base as a union of 2-simplexes and therefore the solid 
prism as a union of triangular solid prisms. And we can then ex- 
press each triangular solid prism as the union of eight . 3-simplexes . 
We can do this in such a way that all the simplexes intersect nicely 
It may help you to understand this solid if you think of a prism as 
a solid with flat faces such that two faces called the bases, are 
congruent and in parallel planes. 

There is a moral to our story here. To do a harder-looking 
problem, we first try to break it up into a lot of easy problems, 
each of v;hich we already know how to solve. 
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Exercises 10-5 

Draw two 2-simplexes whose intersection is one point and 

(a) the point is a vertex of each, 

(b) the point is a vertex of one but not of the other, 

Draw three 2-simplexes which intersect nicely and whose union 

is Itself a 2-slmplex, (Hint: start with a 2-simplex as the 
union and subdivide it,) 

You are asked to draw various 2-dimensional polyhedrons, each 
as the union of six 2-simplexes, Draw one such that 

(a) no two of the 2-slmplexes intersect. 

(b) there is one point common to all the 2-simplexes but 
no other point is common to any pair, 

(c) the polyhedron is a rectangle together with its interior. 

The figure on the right rep- ° 
resents a polyhedron as the 
union of 2-simplexes without 
nice intersections. Draw a 
similar figure yourself > and 
then draw in three segments 
which will make the polyhedron 
the union of 2-simplexes which 
intersect nicely. 

The 2-dlmensional figure on 
the right can be expressed as a 
a union of simplexes with n±ce^' 
intersections in many ways. 
Draw a similar figure and 

(a) by drawing segments ex- 
press it as the union of 
six 2-simplexes without 
using more vertices , 
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(b) 



(a) 



(b) 



(c) 



by adding one vertex near the middle (m another drawing 
of the figure), express the polyhedron as the union of 
eight 2-slmplexes all, having the point In the middle as 
one vertex. 

List eight 2-siniplexes 
whose union is the 'Surface 
of the triangular prism on 
the right. (The figure is 
like that used earlier. ) 

Regarding P as a point in 

the Interior of the prism 

list eight 3-simplexes 
(each containing p) whose union is the solid prism. 

The figure shows the triangular prism PQRXYZ as the 
union of three 3-slmplexes which Intersect nicely. Name 
them. 




10-6. One-Dlmensiona--? Polyhedrons 

A 1-dlmenslonal polyhedron is the union of a certain number of 
1-slmplexes (segments). A 1-dimenslonal polyhedron may be contained 
in a Plane or it may not be. Look at a model of a tetrahedron 
The union of the edges is a 1-dlmensional polyhedron, it is the 
union of Six 1-slmplexes, -and does not lie in a plane. We may 
think Of the figures below as representing 1-dlmensional polyhedrons 
that do lie m a plane (the plane of the page)., 




C E 
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There are two types of l-dimensional polyhedrons which are of 
special interest. A polygonal path is a l-dimensional polyhedron 
in which the 1-simplexes arranged are in order as follows: There 
is a first one and there is a last one. Each other 1-simplex of the 
polygonal path has one vertex in common with the 1-simplex which 
precedes it, and one vertex in common with the 1-simplex which 
follows It. There are no extra intersections. The first and last 
vertices (points) of the polygonal path are called the endpoints. 

Neither of the l-dimensional polyhedrons in the figures above 
is a polygonal path. But each contains many polygonal paths. The 
union of (AB), (BC), (CD), (DG) and (GH) is a polygonal path 
f^^om A to H. The union of (JD) and (DE) is a polygonal 
path from J to E, and consists of just two 1-simplexes. 

In the drawing of a tetrahe- 
dron on the right, the union of 
(PQ), (OR), and (RS) is a 
polygonal path from P to S 
(v;ith endpoints P and S) . The 
1-slmplex (PS) is itself a 
polygonal path from P to S. 
Consider the l-dimensional poly- 
hedron which is the union of the 
edges of the tetrahedron, and find 
another polygonal path from P to 
S in it. (Use a model if it helps 
you see it.) Hov; many such poly- 
gonal paths are there from P to 
S? 

The union of two polygonal paths that have common endpoints 
is called a simple closed polygon (it is also a simple closed 
curve). The l-dimensional polyhedron on the 
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rlGht is not a simple closed 
polygon, but it contains exactly 
one simple closed polygon, namely 
the union of the polygonal paths 
ABC and ADC which have end- 
points A and C in common. 

Another way of describing a 
Simple closed polygon is to say 
that it is a 1-dimensional polyhe- 

dron^which IS m one piece, and has the property that every vertex 
of it is m exactly two 1-slmplexes of it. "The simple closed 
polygon ABCD is then looked on as the union of (aB), (BC) (cd) 
and (DA). \ /, \ / 

The union of the edges of the cube 

in the drawing is a 1-dimensional 

polyhedron. It contains many 

simple closed polygons. One is the 

union of (AB), (be), (EG), and 

(GA). Another is the union of (AB),- 

(BC), (CD), (DE), (EG), and (GA). 
List the vertices, naming at 
least two more simple closed poly- 
gons containing (BE) and (GA). (Use a model if x: helps you see- 
it • J 

There is one very easy relationship on any simple closed polj^ 

gon. The number of 1-slmplexes (edges) is equal to the number of 

vertices. Consider the figirre on 

the right. Suppose we start at 

some vertex. Then we take an 

edge containing this vertex. Next 
we take the other vertex contained 
in this edge and then the other 
edge containing this second vertex. 
We may think of numbering the vertices 
and edges as in the figure. We ■ :i 
continue the process. We finish 
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with the other edge which contains our original vertex. We start 
with a vertex and finish with an edge after having alternated 
vertices and edges as we go along. Thus the number of vertices 
is the same as the number of edges. 



Exercises 10-6 



1, The figure on the right repre- 
sents a 1-dimensional polyhe- 
dron. How many polygonal paths 
does it contain with endpoints 
A and B? How many simple 
closed polygons does it contain? 

2, (a) The union of the edges of 

a 3-simplex (solid tetra- 
hedron) contains how many 
simple closed polygons? 

(b) Name them all . 

(c) Name one that is not con- 
tained in a plane, 

(Use a model if you wish.) 

3, Let P and Q be vertices of 
a cube v/hich are diametrically 
opposite each other (lower 
front left and upper back 
right). Name three polygonal 
paths from P to Q each of 
v;hich contains all the verti- 
ces of the cube and is in the 
union of the edges. (Use a 
model if you wish.) 
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4. Draw a l-dimensional polyhedron which is the union of seven 
l-aimplexes and oontains no polygonal path consisting of more 
than two of these aimplexes. 

5. Draw a simple closed polygon on the surface of one of your 
models of a cube which intersects every face and which does 
not contain any of the vertices of the cube. 



10-7. Two-Dimensional Polyhedrons 

A 2-dimensional polyhedron is a union of 2-simplexes As 
stated before, we will agree that the 2.slmplexes are to intersect 
nicely. That is, if two 2-simplexes intersect, then the inter- 
section is either an edge of both, or a vertex of both. There are 
many 2-dlinensional polyhedrons; some are in one plane but many 
are not in any one plane. The surface of a tetrahedron, for 
instance, is not in any one plane. Let us first consider a few 
2-dimensional polyhedrons in a plane. In drawing 2-simplexes in 
a plane we shall shade their interiors. 

Every 2-dimensional polyhedron 
in a plane has a boundary in that 
plane. The boundary is itself a 
l-dimensional polyhedron. The 
boundary may be a simple closed 
polygon as in the figure on the 

right. In the figure on the right below, we have indicated a poly- 
hedron as the union of eight 2- 
simplexes. (ABC) is one of them. 
The boundary is the union of two 
simple closed polygons, the inner 
square and the outer square. 
These two polygons do not inter- 
sect. 
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The figure on the right repre- 
sents a 2-diinensional polyhedron 
which is the imlon of six 2-siin- 
plexes. The boimdary of this, poly- 
hedron in the plane is the union of 
two simple closed polygons which 
have exactly one vertex of each in 
common, the point P. 




Suppose a 2-dimensional polyhedron in the plane has a boundary 
which is a simple closed polygon (and nothing else). Then "the 
number of 1-simplexes (edges) of the boundary is equal to the^;^ 
number of 0-simplexes (vertices) of the boundary. You have already 
seen, in the previous section, why this must be true. 

There are many 2-dlmensional polyhedrons which are not in any 
one plane. The surface of a tetrahedron is such a polyhedron. 
The su:''face of a cuoe is another. We have seen that the surface 
of a cube may be considered to be expressed as the union of 2-sim- 
plexe3. Here we have some 2-dimensional polyhedrons which are 
themselves surfaces or boundaries of 3-dimensional polyhedrons. 
Let us consider these tv/o surfaces, the surface of a tetrahedron 
and the surface of a cube. 




You may look at the drawings above or you may look at some ' 
models (or both). Let us count the number of vertices, the number 
of edges, and the number of faces. The surface of a cube can 
be considered in at Isast two different ways. We can think of the 
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faces as being square regions (as in the middle figure), or we may 
think of each square face as subdivided into two 2-siniplexes (as 
in the figure on the. right). We will use F for the number of 
faces, E for the number of edges and V ' for the number of 
vertices. If you are counting from models and do not observe 
patterns to help you count, it is usually easier to check thinr<. 
off as you go along. That is, mark the objects as you count oaem. 
Let us make up a table of our results. 



Surface of 
tetrahedron 



Surface of cube 
(square faces) 

Surface of cube 

(two 2-siniplexes 

on each square face) 



8 



12 



It is not easy from just these three examples to observe any 
relationship among these numbers, mat we are looking for is a 
relationship which will be true not only for these 2-dimensional 
polyhedrons but also for others like these. See if you can dis- 
cover a relationship which is true in each case. 



Exercises 1O-7 
Make up a table as in the text showing f, V, and E 
2-dimensional polyhedrons mentioned there. 



for the 



(a) Draw a 2-dimensional polyhedron in the plane with the 
polyhedron the union of ten 2-simplexe3 such that its 
boundary is a simple closed polygon. 

(b) Similarly draw another such polyhedron-, such that its 
boundary is the union of three simple closed polygons 
having exactly one point in common. 

(c) Draw another, such that its boundary is the unio- two 
simple closed polygons which do not intersect. 
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Draw a 2-dlJnensional polyhedron in the plane with the number 
of edges in the boundary 

(a) equal to the number of vertices. 

(b) one more than the niomber of vertices. 

(c) two more than the number of vertices. 

Draw a .2-dimensional polyhedron which is the union of three 
2-simplexes, with each pair having one edge in common. 
Do you think that there exists in the plane a polyhedron which 
is the union of four 2-slmplexes such that each pair has 
only one edge in common? Does one exist in space? 

On one of your models of a cube, mark six points, one at the 
center of each face. Consider each face to be subdivided into 
four 2-simplexes each having the center point as a vertex. 
Count F (the number of 2-simplexes), E (the number of 1-sim- 
plexes), and V (the number of 0-simplexes) for this subdivi- 
sion of the whole surface. Keep your answers for later use. 

Do Problem 5 without using a model and without doing any actual 
counting. Just figure out how many of each there must be. For 
instance, there must be 14 vertices, 8 original ones and 6 
added ones. 



Express the polyhedron on the right 
as a union of 2-simplexes which 
intersect nicely (in edges or 
vertices of each other). 
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. state whether the following statements are true or false. If 
the statement is not true, correct it so that it is a true 
statement, 

(a) Any O-simplex (not an endpoint) contained in a given 1- 
slmplex, determines two distinct 1-simplexes whose union 
is the original 1-simplex, and whose intersection is the 
given O-simplex, 

(b) Any 1- simplex (not a boundary) contained in a given 2- 
simplex, determines two distinct 2-simplexes whose union 
is the original 2-s'imprex, and whose intersection is the 
given 1 -simplex, 

(c) Any 2-simplex (not a boundary) contained in a given 3- 
simplex, determines two distinct 3-simplexes whose union 
is the original 3-simplex, and whose intersection is the 
given 2-simplex. 



10-8. Three-Dimensional Polyhedrons 

A 3-simplex is one 3-dimensional polyhedron. A solid cube is 
another 3-dimensional polyhedron. A 3-dimensional polyhedron is 
any union of 3-slmplexes in which the simplexes of -a polyhedron 
intersect nicely. That is, if two 3-simplexes intersect, the. 
intersection is a 2-dimensional face (2-simplex) of each, or an edge 
(l-simplex) of each, or a vertex (O-simplex) of ealch. 
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Any 3-dimensional polyhedron has a surface (or boundary) in 
space. This surface is itself a 2-dlinenslonal polyhedron. It is 
the union of several 2--siiiiplexes (v/hich intersect nicely). The 
surface of a 3-dimensional polyhedron is represented by the drawing 
on the right. The surface consists 
of the surfaces of tliree tetra- 
hedrons which have exactly one 
point in common. 

The simplest , kinds of surfaces 
of S-diraensional polyhedrons, are 
called simple surfaces . The surface 
of a cube and the surface of a 
5-simplex are both simple surfaces. There are many others. Any 
surface of a 5-dimensional polyhedron obtained as follows will be 
a simple surface. Start with a solid tetrahedron. Fasten to it 
another, so that the two tetrahedrons have an intersection which is 
a face of the tetrahedron you are adding. You may continue adding 
solid tetrahedrons, in any combination or of any size, provided 
that each tetrahedron added has, v/ith the polyhedron you have 
already formed, an intersection which is a union of one, tv/o, or 
three faces of the 5-simplex you are adding. The surface of any 
polyhedron formed in this way will be a simple surface. 

The figure above does not represent a simple surface. V/hy? 

Class activity . Take five models of regular tetrahedrons of 
edges 3". Put a mark on each of the four faces of one of these. 
Now fasten each of the others in turn to one of the marked faces. 
The marked one should be in the middle and you won»t see it any 
more. The surface of the object you. have represents a simple sur- 
face. You can see how to fasten a few more tetrahedrons to get 
more and more peculiar looking objects. Suppose it is true that 
v/henever you add a solid tetrahedron the intersection of v;hat you 
add v;ith v;hat you already have is one face, tv/o faces, or three 
faces of the one you add. The surface of what you get will be a 
simple surface. 

One can also fasten solid cubes together to get various 
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a-dlnienslonal polyhedrons. If you y:±sh them to have simple sur- 
faces, you must follow a r-ule like th« one given before. The cubes 
must be fastened together in such a way that the intersection of 
the polyhedron you already have v:ith the cube you are adding is a 
set v^hich is bov.nded by a simple closed polygon. For example, the 
intersection might be a face, or= the union of two or more adjacent 
faces, of the cube you are adding, or the Intersection might consist 
of parts of one or more faces. ' The important thing is that the 
intersection is bounded by a simple closed polygon. 

Finally we mention an interesting property of simple surfaces. 
Draw any. simple closed polygon on a aimple surface. Then this 
polygon separates the simple surface into exactly two sets, each of 
which is connected, i.e., is in one piece. 

Class activity. On the surface of one of the peculiar 3- 
dimensional polyhedrons (with simple surface) that you have con- 
stru.cted above, let one student draw any simple closed polygon (the 
xvider the better). it need not be on just one face. Then let 
another student start coloring somewhere on the surface but away 
from the polygon. Let him. color as much as he can without cross in/y 
the polygon . Then let another student start coloring with another 
color at any previously uncolored place. Color as much as possible 
but do not cross tjie polygon. V/hen the second student has colored 
as much as possible, the whole surface should be colored. 

If you do not follow completely the instructions for con- 
str^icting a polyhedron with a simple surface, you may get a .poly- 
hedron whose surface is not simple. Suppose, for instance, you 
fasten eight cubes together as in the drawing on the next page. 
The polyhedron looks something like a square doughnut. Note tha£ 
in fitting the eighth one, the intersection of the one you are 
adding with what you already have is the union of two faces which 
are not adjacent. The boundary of the intersection is two simple 
closed polygons, not Just one as it should be. 

There are many simple closed polygons on this surface which 
do not separate it at all. The polygon j does not separate the 
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surface. The polygon K does. Illustrate this for J and for 
K by coloring as much as you can of the surface without crossing 
the polygon. 

Exercises 10-8 

1. Using a block of v;ood (v;ith corners sav/ed off if possible), 
draw a simple closed polygon on the surface making it inter- 
sect most of all of the faces of the solid. Start coloring 
at some point. Do not cross the polygon . Color as much as 
you can v/ithout crossing the polygon. When you have colored 
as much as you can, start coloring with a different color -.on 
some uncolored portion. Again color as much as you can with- 
out crossing the polygon. You should have the whole surface 
colored v/hen you finish. 

2. Go uhi'ouch the same procedure as in Problem 1 but with another 
3-diMenPional solid. Use one of your models or another block 
of wood. Make your simple closed polygon as complicated as ' 
you wish. 



171 



[sec. 10-8] 



*6. 



How many different kinds of polyhedrons (in terms of their 
intersections) can you construct from just two cubes of the 
same size that intersect nicely, i.e., whose intersection is a 
face, and edge, or a vertex? Illustrate by sketches or models. 

Take three cubes of the same size. Place them together so that 
their union has a simple surface. How many different polyhe- 
drons can you construct in this way? 

Three cubes of the same size are to be placed together so that 
they intersect nicely. 

(a) Construct at least 5 different polyhedrBris formed in 
this way. 

(b) Do they all have simple surfaces? 

(c) Could more than 5 such polyhedrons be constructed? 

Show that it is possible to fit 7 cubes together so as to 
form a polyhedron without a simple surface. 



10-9. Countln,^ Vertices . Edges , and Faces - Euler's Formula 

In Section 10-7 you were asked to do some counting. Vie now 
look at the problem in another way. A few of you may have dis- 
covered a relat-ionship between P, E, and V. Consider the tetra- 
hedron in the figure below, its surface is a simple surface. What 
relationship can we find among the number of its vertices, edges. 



and faces? 
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There are the same number of edges and faces coming into the point 
A, three of each. One may see that on the base, there are the same 
number of vertices and edges. We have tv/o objects left over; the 
vertex A at the top and the face (BCD) at the bottom. Other- 
wise we have matched all the edges v;ith vertices and faces • So 
V F - E = 2. Now let us ask what would be the relationship if 
one of the faces or the base were broken up into several 2-simplex- 
es. Suppose we had the base broken up into three 2-simplexes by 
adding one vertex P in the interior of the base. The figure on 
the right on the previous page illustrates this. Our counting 
would be -the same until we got to the base, and we would be able 
to match the three nev; 1-simplexes which contain P with the 
three nev/ 2-simplexes on the base. 17e have lost the face which 
is the base, but we have picked up one new vertex ?• Thus, the 
number of vertices plus the number of 2-simplexes is again two 
more than the number of 1-simplexes, and V + P - E = 2. 

Next let us look at a cube. 
We have a drawing of one on .the 
right. The cube has hov; many faces? 
Hov; many edges? Hok many vertices? 
Is the swm of the number of vertices 
and the number of faces two more than 
the number of edges? Let us see v/hy 
this must be. 

(1) The number of vertices on the top face is the number of 
edges on the top face. 

(2) The number of vertices on the bottom face is the number 
of edges on the bottom face. 

(3) The niunber of vertical faces is the number of vertical 
edp- 

(4) (Th'j number of vertices ) -h (the number of vertical faces) 
- (the number of edges) = 0. We have counted all vertices 
edges, and faces except the top and bottom faces. Hence, 

V + P - E = 2. 
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What would happen if each face were broken up into two 2-simplexes? 
Per ea-h face of the cube you would now have two 2-slmplexes. But 
lor each face you woulu have one new 1-simplex lying in it. Other 
things are not changed. Hence V + P - E is again 2. 

Suppose we have any simple surface. Then do you suppose that 
V + P - E = 2? In the exercises you will be asked in several ex- 
amples to verify this formula, which is known as Baler's formula. 
Euler (pronounced "Oiler") is the name of a famous mathematician 
Oi" the early l8th century. 

Let us now observe that the formula does not hold In general 
for surfaces which are not simple. Consider the two exar.iples below. 





In the figure above on the left (the union of the two tetrahe- 



= 9 



drons having exactly the vertex A in common) , V + P - E = 
Count and see. Use models of tvio tetrahedrons if you wish. 
V + P - E should be 3. On each tetrahedron, separately, the number 
• of faces plus the niunber of vertices minus the number of edges is 
2. But the vertex A would have been counted t^^^lce. So V + P 
Is one less than E + 4. 

The figure on the right above Is supposed; to represent the 
union of eight solid cubes as In the last section. The possible 
ninth one In the center Is missing. Count all the faces (of 
cubes), edges and vertices which are In the surface. Por this 
figure V + P - E should be 0. (As a starter, V should be 32) ' 

Plnally v^e put the Euler Pormula in a more general setting. 
Suppose we have a simple surface, and it Is subdivided Into a number 
(at least thi-ee) of non-overlapping pieces. We require that if two 
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of these pieces intersect then the intersection be either one point 
or a polygonal path. The 'number E is the number of these inter- 
sections of pairs of pieces v/hich are not just points. The number 
V is the number of points each of which is contained in at least 
three of these pieces. Then V + P - E = 2. 

Exercises 10-9 

1. Talce a cardboard model of a non-regular tetrahedron. In each 
face add a vertex near the middle. Consider the face as the 
union of three 2-simplexes so formed. Give the count of the 
faces-, edges, and vertices of the 2-simplexes on the surface. 
How do the faces, edges, and vertices of this polyhedron com- 
pare with those of the polyhedron you get by attaching four 
regular tetrahedrons to the four faces of a fifth? 

2. Take a model of a cube. Subdivide it as follows. Add one 
vertex in the middle of each edge. Add one vertex in the 
middle of each face. Join the nev; vertex in the middle of 
each face--v7ith the eight other vertices now on that face. 
You should have eight 2-simplexes on each face. Compute P, 
V, and E. Do you get V + P - E = 2? 

3. Mal<:e an irregular subdivision of any simple surface into a 
number of flat pieces. Each piece should have a simple closed 
polygon as its boundary. Count P, V, and E for this sub- 
division of the surface. 

'i-. Take c cardboard model of a tetrahedron. Mark the midpoint of 
each edge. In each of the four faces draw the lines joining 
the 1.. Ipoints of the edges. In this v/ay each face has been 
subdivided into four 2-siriiplexes . Count the number of faces, 
vertices, and edges of this simple surface and determine the 
value of V + P - E. 
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Three solid cubes can be placed together in two different ways 
to form the tv;o polyhedrons sketched below. In each case find 
V, F, and E by counting and then compute V + F - E. 
(a) (b) 



z: 




Place four solid cubes together as in the sketches below. 
Find V + F - E in each case. 



(a) 



(b) 



/ / / 




176 



[sec. 10-9] 



Chapter 11 
VOLUMES AND SURFACE AREAS 



11-1. Areas of Plane Figures 

In your earlier work with measurement you studied ways of find- 
ing areas of the interiors of various plane figures. This section 
will largely be a review, but several new geometric figures will be 
introduced. 

You recall that area of a surface is the number of square 
units contained in it. When we speak of the area of a rectangle, 
for instance, we will mean the area of the rectangular closed 
region. 

To find the measure of the area of a rectangle you multiplied 
the measures of the length and width. 

h 



Stated as a formula. 



Aj_j = bh. 



A symbol such as the rectangle in "A 



CD 



will sometimes be 



used. This Identifies further the particular figure v/hich is being 
discussed. 

If adjacent sides of a rectangle are congruent, the figure is 
a square. 



s 



= s 



or 



= s 



Thus, in this case, A 

A parallelogram has the same area as a rectangle of the same 
height and base, as shown in the following figure: 



stated as formula. 



= bh. 



17 7 



1^52 



Suppose adjacent sides of the parallelogram are congruent as In 
the following figure. Such a figure is called a rhombus. 



!h 

-1_ 



b 

Since it is a parallelogram, its area can be found by the formula 
A ^ ^ = bh. 

The area of a triangle is found by comparing it with a 
parallelogram. 



A b B 

In any triangle, ACB, if CD is drawn parallel to AB, and BD 
parallel to Tc, then ABDC is a parallelogram, CB separates 
the interior of the parallelogram into two regions of equal area. 
The area of the parallelograr.i is found by multiplying b and h. 
Thus the area of the triangle can be found by the formula 

\ =tbh. 

From- your study of circles you learned by one or more methods 
that if r is the measure of the radius of a circle, the measure 
of the area is found by multiplying the square of r by tt. That 
is, 

= TT r^ 



Exercises 11-la 
Find the area of each of the following figures after: 

(a) first making a rough drawing of the figure, and 

(b) indicating the measurements on the drawing, 
Fls^xre Measurements 

1, Rectangle ABCD IS is ^" long, BC is 12" long, 

2. Rectangle ABCD IS is ^ ft. long, IS is 5 ft, 

. long, 
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3. Square ABCD 

4 . Square XYZW 

5. Parallelogram ABCD 

6 . Rhombus ABCD 

7 . Rhombus" RSTU 

8. Right" triangle ABC 

3. Triangle XYZ 
A circle 



AB is 13 in. long 

^ is si ft. long.- 

AS is 16 in. long; the height 
is 15 in. 

TO is 6.5 cm. longj the ^height 
is 5 cm. . 

^ is 5.2 ft. long; height is 
4.6 ft. 

Angle A Is the right angle, and 
IB is 14 cm. long, ATT is 
9.3 cm. long. 

The base in 38 ft. long, 

the heighU W is 37 ft. 

Length of radius is ^.5 in. 
( TT 3.14) 



. Determine the area of the interior of each of the following 
plane figures: 
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12. Find the area of the shaded portion. 




Anot: V geometric figure with which we need to become familiar 
is a trapezoid , such as ABCD below. A trapezoid is a quadrila- 
teral, only two of whose sides are parallel. 

D c 




A b, 



If a diagonal (such as Tc) is drawn, the interior of the trapezoid 
is separated into tv;:- triangular regions. Note that the altitudes 
shown of both triangles are congruent, but the bases b^ and 
b^, of the two triangles have different measures. The area of the 
trapezoid is the sum of the areas of the two triangles: 

Area of ABCD = Area of ABC + Area of ADC 

^ABCD = i ^^1 i ' ' ^ 

Noti<te that the lengths of "AD and B^ are not involved in the 
computation for obtaining the area of the trapezoid. 
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Example: In the trapezoid ;^BCD find the area by finding the 
sum of the areas of the two triangles into which the diagonal AC 
separates it. 

D r 




A ABC 



A ADC 



= ^' 6 -15 = ^5 
= 1.6.7 = 2}. 

= 45 + 21 = 



The area of the trapezo.ld is 66 square inches. 

The above method of finding the ar-s of a trapezoid can be 
simplified by using the distributive property. 

D 




^ABCD ~ 2 " " "1 2 " " "2 

Then by the distributive property. 



^ABCD 



I h (b^ + bg) 



The formula may also be written: 

h,^ ^ , h(b + bp) b, + bp 

-ABCD = 2^^1 + ^2^ °^ 2 °^ 2) 

This shows that we can also think of the area of a trapezoid 
as being obtained by multiplying the measure- of the height by the 
average of the measures of the bases. 
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Exercises 11-lb 

In Problems 1 to 5, find the area of trapezoids having the 
given measurements: 

Height Upper Base Lower Base 

1. . 8 in, 6 in. 13 in. 

2. iC in. 35 in. 37 in. 

3. 13 cm. 11 cm. 27 cm. 

4. 5.4 ft. 9-8 ft. 12.7 ft. 

5. 2| ft. 3i ft. 6^ ft. 

*6. The area of a trapezoid is 696 sq. in. The lengths of the 
bases are 23 in. -..nd 35 in. Find the. height of the trape^- 
zoid. 

*7. A piece of land between two streets Is the shape of a trrnezoidc 

374' 

130" i\l 




418' 

It is to be sold at 30/ a square foot. Usint;' the mearMrerr.entc 
given in the figure, 

(a) "Find the area in square feet. 

(b) Find the selling price of the land. 
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Area of _a Regular Polygon , 

(a) (b) 




Recall that a regular polygon is defined to be a polygon whose 
sides have equal measures and whose angles have equal measures. 

Join the center of the regular polygon to each vertex of the 
polyp-on. (The center is the point in the interior which is equally 
distant from the vertices of the polygon and also equally 
distant from the sides.) If there are n vertices there will be'^ 
n congruent triangles . 

The area of any such regular polygon will be the sum of the 
areas of the triangles. In Figure (a)/ for instance, we will first 
find the area of triangle APB: 

= I hb 

There are five such triangles, so: 

Aq = I hb + i hb + I hb + I hb + i hb 
= ^ h(b + b + b + b + b) 

But (b + b + b + b + is the measure of the perimeter of the 
polygon. Thus = hp. 

Suppose the regular polygon had ten side^ instead of five. 
Then the lines from the center to the ten vertices would divide the 
polygon into ten congruent triangles and the area of the polygon 
would be equal to 

I h(lOb) = I hp, 

where p is the perimeter of the polygon. 

Prom this we can see that the area of any regular polygon is 
equal to 

4 hp, 
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vjhere p is its perimeter and h is the altitude of one of the 
congruent triangles into v/hich the polygon Id divided by lines 
from its center to its Alfertices. 



r 



Exercises 11-lc 

r 

Find the areas of the following regular polygons: 
Kind of Polygon 



1. 
2. 
3. 
4. 



Hexagon 
Pentagon 
Octagon 
Decagon 



Length of Perpendicular 
from Center to Side ■ 

17.3 inches 

27.5 inches 

72.5 feet 

30.8 inches 



Length of a 
Side 

20 inches 

4o inches 

60 feet 

20 inches 



Area of a Circle 

Now v/e show how the formula we have Just found can be used 
to derive the formula for the area of a circle from the formula 
for the circiomf erence of a circle. 

Consider circle 0 in the figures belov;. 
(a) ^ ^ (b) (c) 






We say th-^^ a regular polygon of n sides is inscribed in a 
circular region li the vertices of the regular polygon are points 
on the circle. It is clear from the figures above that the .Tiore 
sides the inscril. :■ 3 polygon has the shorter will be the length of 
each side. Also you v;ill notice that as n gets larger and larger 
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it will be more and more difficult to distinguish between the regu- 
lar polygon and the circle. 

We could say that the area of the interior of the inscribed 
polygon 'is approximately equal to the area of the interior of the 
circle. It Will always be less than the area of the circle since 
there will always be points on the circle that are not vertices of 
the inscribed regular polygon. Therefore there is always some 
portion the area of the circle which is not contained in the 
interior of an inscribed regular polygon. However, for large 
values of n, the areas are almost equal. We can think of the 
area of the interior of the circle as the "upper limit" of the area 
of the inscribed polygons, that is 

(Area of circle) - (Area of polygon) 
is greater than zero but is very small if the number of sides of 
the polygon is very large. In fact, by taking the number cf sides 
large enough, the difference may be made as small as you please. 

Also, as n becones larger and larger, the distance from the 
center of the polygon to a side will become closer and closer to 
the radius of the circle; likewise the perimeter of the polygon 
Will become closer and closer to the circumference of the circle. 
We have seen that the number of square units of area in the polygon 
is ^ hp. But we have Just observed that when n gets very large 
h gets close to r and p gets close to 2 tt r so we are led 
to conclude : 

If r is the number of linear units in the radius of a circle, 
aiid A 'jhe number of square units of area in its interior, then 

A = I r(2-nT) 

A = 7rr^ . 
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(a) 


r = 5 


(b) 


r = 10 


(c) 


r = 20 



Exercises 11-ld 

Compute the area of the interior of each of the following 
circles. The measurements in each case are in inches. 
Express the answer in terms of ir. 

(d) r = 4| 

(e) d = 30 

(f) d = 28 

2. By examining the results of (a), (b), (c) in Problem 1 
above tell the effect on the area of a circle if its radius is 
doubled. 

3. (a) BRAINBUSTER. Imagine that you have inscribed a regular 

polygon of 20 sides in a circle and that you have divided 
this polygon into 20 congruent triangles by joining ..its 
center to each vertex. Show that these triangles can be 
rearranged into .a parallelogram whose height is almost 
the radius of the circle and the length of whose base is 
almost one half the circumference of the circle. 

(b) BRAINPUSTER. Imagine that you have cj .cumscribed a regu- 
lar polygon of n sides (n very large) about a circle 
0. (This means that each side of the regular polygon 
contains exactly one point of the circle.) Develop a 
plausible argument to support the following statement. 

(Area of circle) < (Area of circumscribed polygon) 

Together with our discussion above this would show that 

(Area of inscribed polygon) < (Area of circle) < 
(Area of circumscribed polygon) 
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11-2, Planes and Lines 

In the following sections of this chapter you will be concerned 
with surface area and volume of solids. As an aid in this study 
you will find patterns for models at the end of the -chapter. Your 
teacher will explain to you how these models are to be made. Refer- 
ence will be made to these models in this section and also 
throughout the remainder of the chapter. 

Before studying this section, make Models 4, 5 and 7; directions 
found at the end of the chapter. Notice that if you actually 
measure the indicated segments in the drawings, you will find that 
what is marked 4", for instance, is not in fact four inches long. 
But the drawings are to scale, that is, since 1^ is three-eighths 
of 4, the length marked li" is three-eighths of the length 
marked 4" . 

Before going on, let us review briefly some of the simple 
ideas about planes and lines. You are already somewhat familiar 
with parallel planes. These are planes which do not have any points 
in common, that is, whose intersection is the empty set. Such a 
pair of planes is suggested by the floor and ceiling of some 
classrooms, or by different floors of an apartment house, or by 
the covers on a book when the book is closed. Find at least 
five examples of pairs of parallel planes suggested by things in 

your classroom. 

Imagine a flagpole standing in the middle of a level play- 
ground, and think of the lines on 

the playground which run through 

the base of the pole as shown. 

What relation does there appear 

to be between the line represented. 

by the flagpole and these lines 

drawn on the playground? Our 

experience certainly suggests that 

the pole is perpendicular to each 

of these lines. In fact, if it 
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were not, then from certain posi- 
tions the pole would appear like 
this, which is not at all in 
accord with our observation. We 
describe this relationship by 
saying that the pole is perpen- 
dicular to the playground. In 
general a line which meets a plane 
in a point A is said to be perpendicular to the plane if the line 
is perpendicular to every line in the plane through A, If a 
segment lies on a line perpendicular to a plane, we will say that 
the segment is perpendicular to the plane. 

Now try the following simple D R C 

experiment. Take a piece of note- , 
book paper as shown and fold it j 
over so AD falls on 1?J. The I 
crease you have made 1.. represent- i 
ed by the dotted segment "^R* A Q B 

Then / AQR and / BQR are both 
right angles. How do you know? 
Now take the paper and set it on 
your desk as shown, in the posi- q 
tion of a partly opened book, so 
that segments AQ and 55 lie 
on the plane of^ the desk top. 
Would you agree that QR is now 
perpendicular to the desk top? 
If so, notice that you have found 
a line perpendicular to a plane 
by making it pei^pendicular to Just two different lines in the plane. 
This illustrates the following property of perpendiculars. 

Property 1^. If a line is perpendicular to two distinct inter- 
secting lines in a plane , it is perpendicular to 
the plane . 






desk 
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If you help to put up a Christmas tree, check to see whether 
or not it is perpendicular to the floor by seeing if it is perpen- 
dicular as viewed from two different points, if these two points 
and the tree are not in the same line, the tree is perpendicular 
from all points of view. This is an application of Property 1. 

As another example, examine Model 5 and look at one of the 
segments which connects a vertex of one hexagonal end with a vertex 
of the other. As you see, this segment is a part of two rectangles. 
It is therefore perpendicular to two segments in each hexagon. ES7 
Property 1 the segment is therefore perpendicular to the planes of 
both hexagons. Examine Model 4 similarly and satisfy yourself in 
the same way that every edge of the solid is perpendicular to the 
planes of two of its rectangular faces. Notice the line where two 
walls of your classroom meet. What relation does it have to the 
planes of the ceiling and floor? 

Examine Model 7 to satisfy yourself that the result actually 
applied tc this also. 

Now try another experimeni: . Tie one end of a string to some 
convenient point Q m your classroom which has a clear space 
below it. If nothing else is available tie it to a yardstick 
placed over the back of a couple of chairs, and have someome hold 
the ends so they won't move. Now select a point R on the floor 
and notice how much string it 
takes to Join Q to R. :gy 
varying R try to find the point 
S on the floor which requires 
the least amount of string. When 
you have located the point s, 
notice the position ^ of the 
string. What relation does it 
seem to have to the floor? Would 
you agree with the following statement? 

Property 2. The shortest aegment from a point Q outside a 

£l^ r to the plane r is the segment perpen - 
dicular to that plane . 
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This shortest distance Is called the distance from Q to r. 

Imagine now several nails In the celling of your room, to each 
of which Is attached a string. In each case the string Is then 
attached to the nearest point of the floor as In our experiment 
above. Wh-^t do you know about the lengths of the different 
strings? Will they be all the same? This Illustrates the follow- 
ing fact: 

Trope rty _3. If two planes are parallel, the (perpendicular) 



The constant distance in Property 3 is called the distance 
between the parallel planes . Actually the segments Involved in 
Property 3 are perpendicular to both planes. We have already 
noticed this for the lateral edges of a right prism. 

Exercises 11-2 

1. Give five examples of pairs of parallel planes with lines 
perpendicular to both planes in each example. 

2. Examine Models 4 and 7. Note the sets of parallel planes and 
the distance between them. 

3. Make Models 9 and 10. Note the sets of parallel planes and 
the distances between them. 



aistan^es from different points of one plane to 
the other plane are all the same . 



a plane r in lines j ^ and 
Jl 2 J then ^ must be 
parallel to y p. Explain why 



this is true. 



If two parallel planes , 
and Po, are intersected by 
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5. 



6. 



We actually could have proved 
Property 2 instead of observ- 
ing it by experiment. Give 
the reasons in the following 
proof. 

Let S be the point r so 
that OS is perpendicular to 

(a) / QSR is a right angle. 

(b) OR is the hypoT:enuse of a right triangle. 

(c) OR is longer than "^g". Why? 




r. Draw segment SR. 
Why? 



Why^ 



But since R was anjr point of r except 
Q5 is the siiortest segment. 



S, this shows that 



BRAINBUSTER. A segment ^ 
has. its ends on the parallel 



planes 
is perpendicular to 



and P If OS 




Q 
I 



Pgj prove' 



it must also be perpendicular 
to P^. Hint: Draw two planes 
through 




11-3. Right Prisms 

Since you have already studied some examples of right prisms 
th s section „i:i .e in the nature or . review. Do you .el.be: 
What kind of a figure is a right prism? Let us review its 
description. 

I";aglne .two congruent polygons so placed in parallel planes 
that when the segments are drawn Joining corresponding vertices 
of the polygons, the quadrilaterals formed are all rectang. es 

The union of these closed regions is called a right prism. The 

[sec. 11-3] 



191 



466 



segments are its edges , and the points where two or more edges 
meet are vertices . The rectangular closed regions are called 
lateral faces (or faces). The original polygonal closed regions 
are called the bases . The segments Joining corresponding vertices 
of the two bases are called lateral edges . It is well to point 
out that the edges are perpendicular to the bases, and that, in 
race, if the edges are perpendicular to the bases, the faces are 
automatically rectangles, 

A right prism is triangular, rectangular, hexagonal, and so 
on, according to the shape of its bases. Consider Models 1, 2, 3, 
4, 5, 6, and 7 (making those of this seth which you have not already 
made). These are examples of right prisms. 

You remember I'cw to find the surface area and volume of right 
prisms. The sur'^r^e area is the sum of the areas of the bases 
and races. The "^ume is the produce of the measure of the surface 
area of one b. the measure of the altitude, ' 

Rectangular TU, risms 

One rlghL prxnm with which you are rather familiar is the rec- 
tangular right priiixri. A good example ia a cereal box. The figure 
below repr*^ " i. . s such a prism. 



We shall let the measure of its length, width, and height be 



let S represent the measure of its ^^^urface f^rea and V repre- 
sent the measure of its volvune. Recall the following formulas: 





represented by ^ , 



w and h, respectively. Furthermore, we shall 
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S = 2( J'w + J/h + wh) 

V = 7wh or V = Bh where B is the measure of the 
area of the base (3 = j' w) . You will notice that in a prism of 
this type all faces are rectangles, so anjr pair of parallel faces 
can be considered as the bases. Can you state these formulas in 
words? Try it. 

Cubes 

A cube is a special case of the rectangular right prism in 
that all of its edges are congruent. Let us designate the measure 
of its edges by s as in the figure below. Study again Model 1. 







jL — 


7 



Since a cube is a right prism its surface area and volume are 
obtained in the same manner as you used for the rectangular right 
prism. The formulas, however, can be shortened since, for a "cube, 

/ = w = h = s. 
The formula for surface area may be developed as follows: 

S = 2 (/w + Jh wh) 
S = 2 (s . s + s . s + s • s) 
S = 2 (s^ + s^ + s^) 
S = 2 (3s^) 
S = 6s2 

The formula for the volume of a cube may be developed in a 
similar manner as follows: 

V = /wh 

V = S • s • s 
.3 



V = s" 
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As an example consider a cube having:vthe measure of its edges 
2. Since s = 2, then 

S = 6 • 2^ = 6 • 4 = 24 , 
V = 2^ = 8. 

Triangular Right Prisms 

This is another prism which you have studied. -Again study- 
Model 6. The bases of Model 6 are right triangular regions; how- 
ever, the bases of a triangular right prism may be any type of 
triangular region. . Consider the figure below. Let the measures of 
the edges and one altitude of the triangular bases be b, c, d, 
and a respectively. Also, let the measure of the lateral edges 
of the prism be h. Now let us develop the formulas for surface 
area and volume of this type of prism. 




Since the area of the sux'face is the sum of the areas of the 
bases and the faces, we have: 

S = 2(i ab) + (hb + he + hd) 
S = ab + h(b + c + d) 
S = ab + hp, 

where p is the measure of the perimeter of the triangular base. • 
You have used the volume formula before, but it is given below 
by way of review. 

V = -I abh or V = Bh, 
where B is the measure of the area of the base. 
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Hexagonal Right Prisma 

You are also familiar with this prism. Study your Model 5. 
The bases may be any slx-slded polygonal regions; however, we will 
consider only regular hexagons. Consider the following figure. 




Let the measures of the lateral edges be h, the edges of the 
bases be b and the altitudes of the triangles into which the 
bases are divided be a. The formulas for S and V are now 
as follows: 

S = ap + hp 

where, as you remember, p is the measure of the perimeter of. the 
hexagon . 

V = J aph or V = Bh, 
where B is the measure of the area of the base. 
Right Circular Cylinders 

A right circular cylinder, which you have studied before, is 
not a prism. It is being Introduced, however, because the formula 
for finding Its volume has the same general form as does the right 
prism. That is: V = Bh, where B is the measure of the base. 
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Recall that B « tt r , where r is the measure of the radius 
of the circular base. The formula then is: 

V TTT^h. 

The formula for the area of the surface will be remembered as? 
^: S == STTTh + 2Trr^ 

which may be written as * S = 27rr(h + r).. 

Exercises 11-3 

1. Compute the voliome of each right rectangular prism whose 
measures are as follows: 

(a) - 1, w = 2, h = 2 

(b) J 4' ^ ^ 

(c) J = 4. w = l|, h = 2 

2. Calculate the surface area of each right rectangular prism of 
\Problem 1. 

3. Find the surface area and voliome for Model 6. 

4. Suppose the base of a right rectangular p:»ism is left unchanged 
and the measure of its lateral edge doubled, what is the effect 
on the voliome? What is the effect on the siom of the areas of 
the lateral faces? 

5. Suppose J and w of a right rectangular prism are each doubled 
and the lateral edge left unchanged, what is the effect on the 
voliome? What is the effect on the sum of the areas of the 
lateral faces? 

6. If each of J' , w, h are doubled for a rectangular prism, what 
is the effect on the voliome? What is the effect on the siom of 
the areas of the lateral faces? On the surface area? 

7. Construct Model 8. Find the area of its surface and its 
voliome. 
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Refer '€*b patterns for Models 4, 5, 7, 8 and find the 
perimeters of the bases. 

Are these perimeters all equal to each other? 

Find the volumes of these four models. Use your ruler 
to find any additional measurements which you need. 
Are the volijmes equal? 

List the models in the order of the measures of their 
voliimes from smallest to largest. 

On the basis of your experience in this problem, what 
conjecture ("conjecture" is a big word for what we hope 
is an intelligent guess) would you make about the area 
of the interior of a circle as compared with those of 
polygons whose perimeters equal the circiamferences of 
the circle? 

9. (a) When you computed the volximes of Models 4 and 6, did you 
find them equal? 

(b) Check (a) by filling one with salt and pouring it 
into the other. 

(c) Find the perimeters of the bases of the»e models. Are 
the perimeters equal? 



11-4. Oblique Prisms 

Now that we have reviewed right prisms, we will study general 
prisms of which right prisms and oblique prisms are special cases. 
Models 9, 10, 11, and 12 are, examples of oblique prisms. The 
description of oblique prisms is quite similar to the one you 
studied in Section ii-3 of right prisms. An oblique prism may 
be described as-'Toliows. 

Again, consider two congruent polygons. Imagine them so 



8. (a) 

(b) 
(c) 

(d) 
(e) 

(f) 
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placed in parallel planes that when the segments are dravm Joining 
corresponding vertices of the polygons the quadrilaterals formed 
are all parallelograms, of which, at least two must be non-rectan- 
'gular. This means that the lateral edges are not perpendicular to 
the -bases. These pareaielograms and original polygons 'determine 
closed regions. The union of these closed regions Is called an 
oblique prism . The segments are its edges, and the points where 
two or more edges meet are vertices. The closed regions formed by 
the parallelograms are called lateral faces (or faces). The 
original polygonal closed regions are called bases. The segments 
Joining corresponding vertices of the two bases are called lateral 
edges . 

Wherein does the above description differ from the one for 

the right prism? 

An oblique prism may be illustrated by the following figure. 
The triangles ABC and DEF, in parallel planes, are the bases. 




The parallelograms ABED, ACPD, and _CBEF are the lateral faces. 
The lateral edges are 15, IB, and CP. Itodels 9, 10, 11, and 12 
will help you to understand this better. In particular, compare 
Models 6 and 11 by pointing out the bases, lateral faces and lat- 
eral edges. 

Now do the same for Models 7 and 9- In these. last cases did 
you have any difficulty identifying the bases? How did you decide? 
The difficulty here illustrates an interesting property of Models 
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^, 7* 9, 10. In these models all ;'aces are parallelograms. 
(Recall that a rectangle is a special case of a parallelogram.) 
In these figures anjr pair of opposite faces may be considered the 
bases and the other faces are then the lateral faces. Such figures 
can really be thought of as prisms In three ways. Because their 
faces are all parallelograms, such prisms are given the mouth- 
filling name parallelepipeds. The rectangular prisms which you 
studied earlier are the special parallelepipeds where all the faces 
are rectangles. 

As In the study of the right prisms we are Interested in 
finding the surface area and volume of oblique prisms. There Is 
no problem m finding the surface area, since this is obtained 
by finding the sum of the areas of the bases and lateral faces. 
Of course, m finding the areas of the lateral faces, you will be 
finding the areas of the parallelograms rather than rectangles. 

Now let us consider the volume of an oblique prism. This will 
require a bit more study. As a beginning, let us consider a stack 
of rectangular cards which are congruent. You may make such a 
stack or use a deck of playing cards. When you have the cards 
stacked so that all adjacent cards fit exactly you have an 
illustration of a right prism similar to the following Illustration 
in cross section. 



Now push the cards a bit so that the deck will have the following 
appearance in cross section. 
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You now have an illustration of an oblique prism. Of course 
it is not a perfect prism due to the thickness of the carcJte. The 
cards no longer fit smoothly. You can easily feel the effect by 
running your fingernail over the edges, and it can be apparent to 
the eye also if the stack of cards gets far out of the vertical. 
Still the irregularities seem to be rather small, especially if 
we imagine we have very thin cards, perhaps made of tissue paper. 

Next let us consider a similarity between the two stacks 
illustrated above. You note that the bases are congruent and the 
distances between the bases are equal. In view of this discussion 
it would seem that we have the basis for metking the following 
conjecture. 

Conjecture: If two prisms have congruent bases and equal heights, 
they have equal volvmies. 

To test this conjecture look at Models 6, 11, and 12. Do they 
appear to have congruent bases? Do they have equal heights? For 
this it may help to stand them on their bases and lay a rul6r 
across their upper bases to see if it seems level. Do you agree 
that these models have congruent bases and equal heights? Now 
fill. Model 6 with salt and pour into Model 11. Did you have too 
much salt or not enough, or did it seem to be Just right? (This 
sounds like the three bears!) Do your results on this experiment 
confirm the conjecture above? 

Carry out the same experiment with Models 7 , 9, and 10. (For 
this experiment treat the small parallelograms as the bases since 
otherwise you do not get congruent bases.) Does the result con- 
firm the conjecture? 

Since the conjecture seems to be borne out in practice, we 
will list it now as a property. 

Property jj^. If two prisms have congruent bases and equal 
heights , they have equal volumes . 

From Property 4 the volume of any prism is the same as that . 
of a right, prism whose base is congruent to the given one and 
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having the same height. But since we know how to find the voliame 
of the right prism, we obtain at once the following formula: 

The niomber of cubic units of volume in any 
prism is obtained from the formula 

V = Bh 

where B is the number of square units of area in its base and h 
•the number cf linear units in its height. 

For example, the base of Model 11 is a right triangle with 
sides having lengths approximately 2 inches and 2^ inches. Check 
these measurements on your model. The number B of square inches 
in the area of the base is therefore 

B =^(2)(2j) =1 

Thus the area of the base is ^ sq. in. Why? You should find 
the height is 4 in. (Note this is not the same as the length of 
the lateral edge which is about ^ in.) Thus h = 4. 

and the voliome is 9 cu. in. 



Exercises 11-^ 

1. Check the accuracy of the last calculation by taking your cubic 
inch measure. Model 1, and see if 9 fillings of it will Just 
fill Model 11. 

2. Is a lateral edge of a right prism an altitude of the prism? 
Why? 

3. Is a lateral edge of an oblique prism an altitude of the prism? 
Why? 

^. In finding the voliome of an oblique prism a student accidentally 
used the length of a lateral edge in place of the height of the 
prism. If he made no other errors, was his smswer too large or 
too small? 
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5* Must all the lateral edges of a prism be congruent? Why or 
why not? 

6. Two faces of a prism are cadled adjacent l.f they have a lateral 
edge in common. Show that if two adjacent faces of a prism are 
rectangles, the prism is a right prism. 

7. Show that if a lateral edge of a prism is congruent to its 
altitude, the prism is a right prism. 

8 . If the alcitude of a prism is doubled, its base unaltered and 
all emgles unchsmged, how does this affect the volume? 

9 . If all edges of a rectangular prism are doubled and its shape 
left unchanged, how is the volume affected? 



11-5. pyramids 

Make and examine carefully the five Models 13, l4,.15, l6, 
and 17. These are examples of pyramids , What common property do 
you observe of these five models? 

You should see in each case a figure obtained by Joining the 
vertices of a polygon to a point not in the plane of the polygon, 
thus forming triangles- The pyramid consists of the closed tri- 
angular regions and the closed region of the original polygon. 
The closed region of the original polygon is called the base of 
the pyramid and the other faces its lateral faces . The point to 
which the vertices of the polygon are Joined we shall call the 
apex of the pyramid. (Many books call this the vertex of the 
pyramid, but we have chosen the term apex since each corner of the 
polygon is also called a vertex.) The edges meeting at the apex 
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are called lateral edges . For example, in the figure, the base is 
the interior of quadrilateral 
ABCD; the lateral faces are the 

•closed regions of the triangles 
ABQ, BCQ, CDQ, and DAQi the later- 
al edges are 7^5, 7!^, d5; and 
the apex is Q. 

Point out the bases, lateral B C 

faces, lateral edges, and apex on each of the Models 14 and l6. 
Notice that in Models 13, 15, and l6 the bases are closed 

square regions. These are called square pyramids. Similarly Model 

1^ is a hexagonal pyramid. What kind of a pyramid is Model 17? 

Why? 

Although there probably was no argument about the answer to 
the last question, there might be disagreement over identifying 
the base. All the faces are triangular closed regions, so how do 
we distinguish which one is the base? The answer of course is that 
wo can»t. Any one of the four faces can be considered as the base, 
so this figure can be looked at as a trian^lar pyramid in four 
different ways. (Compare the case of the parallelpiped which could 
be considered a prism in three ways.) Because it has Just four 
faces this figure is generally called a tetrahedron . A tetrahedron 
with its interior is sometimes called a 3-simplex, this was dis- 
cussed in detail in Chapter 10. 

Now look again at the five pyramid models. In each case 
imagine the segment drawn from the apex perpendicular to the plane 
of the base. This segment is called the altitude and the length 
of the altitude is the height of the pyramid . Compare the heights 
of Models 13, 14, 15, and l6. Laying a ruler across them may help 
in estimating heights. Do you find the models have equal heights? 
Model 17 has four heights, depending upon which face is taken as 
the base. Take the smallest triangular regions as the base and 
compare the height with that of the other models. Do all five of 
these models seem to have the same height? 

It is not always easy to imagine Just where the foot of the 
altitude will be for a pyramid. In one of the models the altitude 
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colncidaa with one of the lateral edgea, ao the foot of the alti- 
tude is a vertex of the baae. Find the model and the edge. In 
another model the foot of the altitude is entirely outaide the 
baae. Whioh model? For the other three the foot of the altitude 
is somewhere in the interior of the baae. 

The most symmetrical pyramids are called regular pyramids . 
To be regular I a pyramid must meet two oonditiona. First, its 
base must be the closed region of a regular polygon. (A regular 
polygon is one whose sides are congruent and whose anglea are 
congruent.) Which of the models meet this first condition? Sec- 
ond, the foot of the altitude must be at the center of this regular 
polygon. Which of the models appear to be regular pyramids? 

It is shown in the problems below that the second condition is 
really the same as saying that the lateral edges all have equal 
lengths, a fact much easier to recognize by looking at the model. 



pentagonal pyramid with apex 

A and altitude 15. Since Q // |\\ 

is the center of the pentagon, H^^rxV 

it is the same distance from j/ M ^ 

S and from T. Suppose a5 b"'''''--^!^ 
is 4 inches long and T 
and ^ are each 3 inches long. 

(a) How can you find the lengths of AS and TSf? 

(b) What are these lengths? 

(c) Do as" and "57 have equal lengths? 

(d) Is triangle AST isosceles? 

(e) Can the reasoning above be used to show that all five of 
the lateral edges have the same length? 




1. 



Look at the figure. It is 
supposed to show a regular 



A 



[sec. 11-5] 

204 



479 



^ (a) Does the reasoning in the last problem depend on the 

fact that the base is a pentagonal region or would it 
work for any regular polygonal region? 

(b) Does the reasoning depend on the particular lengths given, 
or would it apply to any lengths? 

(c) Complete the following statement: 

If a pyramid is regular then its are all 

congruent. 

Look again at the figure of Problem 1, with the base a regular 
pentagonal region, but this time suppose we know that the lat- 
eral edges all have the same lengths but do not know where the 
foot Q of the altitude is located. To be definite, suppose 
the height of the prism (i.e. length of 15) is .12 inches, and 
that each of the lateral edges 15 and iT is 13 inches long. 

(a) How can you find the lengths of QS and "5?? 

(b) What are these lengths? 

(c) Are they equal? 

(d) Can this reasoning be used to show that the distances 
from Q to all five vertices of the polygon are equal? 

(e) Does this show Q is the center of the regular polygon? 

(f) Is the pyramid a regular pyraniid? 

(a) Does the reasoning of Problem 3 depend on the particular 
measurements and the fact the base is a pentagon? 

(b) If not, complete the following statement: 

If, in a pyramid with the closed region of a regular 

polygon as base, the are all equal in 

length, then the pyramid is . 

Construct a model of a tetrahedron in which all four faces are 
equilateral triangular regions. Such a figure is called a 
regular tetrahedron . 
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6. (a) How many altitudes does a regular tetrahedron have? 
(b) These altitudes of a regular tetrahedron are 



8, 



17' 



The base of a regular pentag- 
onal pyramid is l6 in. on a 
side. If the lateral edges of 
the pyramid are each 17 in., 
find the lateral area of the 
pyramid (the sum of the areas 
of all five lateral faces). 
Hint: Draw segment AM from 

apex A to a midpoint of a side of the pentagon. This is the 
altitude of this triangular face. Its measurement is called 
the slant height of the regular pyramid. ' In the figure 




or, 



(AM)^ + 8^ - 17^ 



s^ 4. 8^ 17^ 



where s designates the slant height. 

A regular square pyramid has a base which is 10 inches on a 
side. Its slant height (see problem above) is 12 inches. 

(a) Find its total area (sum of area of lateral faces and 
the base). 

(b) Find the lengths of the lateral edges. 

The base of a regular square pyramid is 10 feet on a side. 
The altitude of the pyramid is 12 feet. 

(a) Find the total area. ^ 

(b) Find the lengths of the 
lateral edges. Hint: How 
far is it from Q to. M? 
Use this to find the slant 
height . 
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11-6. Volumes of Pyramids 

Can we do anything now about finding volumes of pyramids? 
In the section on prisms we found it useful to consider models 
made up of stacks of cards. Perhaps you and your classmates would 
like to make a similar model for a pyramid. If so, get some heavy 
cardboard (such as grocery cartons) and make a series of square 
pieces to pile on each other. As a suggestion make the bottom one 
6 inches on a side, the next one 5g- inches on a side, etc., going 
down by ^ inch each time. Theoretically you will have 48 square 
pieces, but actually you will have to omit the very top ones as 
they get too small to work with. However, you should be able to 
go up at least to the 1 inch by 1 inch square. To avoid having 
the square pieces fall apart when you move them, make a hole in "the 
center of each one and run a cord through them, preferably an 
elastic cord to hold them firmly together. 

If you want a larger model, start with a square one foot on a 
side. This will take twice as many layers and eight times as much 
cardboard. A deluxe model might be made by cutting the square 
regions out of ^ inch masonite or something similar in your wood 
shop. The larger model would take a little over 32 square feet 
of material, the smaller a little more than 4 square feet. 

Such a model should convincingly remind you of a square pyra- 
mid, though of course there are irregularities at the edges as in 
the case of the prism. By shoving the square pieces around you 
can make this model assume approximate shapes of all kinds of 
square pyramids. When the square pieces are piled up with the 
center holes directly above each other it appears as a regular 
pyramid like our Model 13. By pushing it to one side the apex 
is no longer above the center of the base. You can very probably 
push it far enough so that the apex is over a corner of the base 
as in Model 15, and possibly even into the position of Model 16 
where the perpendicular from the apex is outside the base. 

In all this moving around we clearly have not changed the base 
of the pyramid or its height, which is after all Just the thickness 
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of bur stack of square pieces. Moreover, we have not changed the 
amount of cardboard in the pile. It looks like a good guess then, 
that any two pyramids with congruent bases and congruent altitudes 
have equal voliames. 

Let us try this out on Models 13, 15, and l6 which clearly 
have congruent square bases and whose heights are the same, as we 
saw earlier. Fill{rSdel 13 with salt and try emptying it into 
Model 15, and then inW l6. Do your results confirm the guess above? 

On the basis of this experiment and the evidence of our card- 
board model we write the following property: 

Property 5. If two pyramids have congruent bases and congru - 
ent altitudes they have equal volumes . 

To find what the actual volume of a pyramid is however, we 
must eventually compare it with some figure whose volume we know. 
As an experiment take Model 13, the regular square pyramid and 
Model 4, the rectangular right prism. How do the bases of these 
two models compare (if we take the small square as the base for 
Model 4)? How do their heights compare? Do you agree they have 
congruent bases and '"aval heights? The interior" of Model 4 is 
clearly larget'"Shan ^ ^.. interior of - Model 13, but how much larger? 
Fill Model 13 with salt and pour it into Model 4. Keep on doing 
this until Model 4 is full. According to your results the interior 
of Model 4 is how many times* that of Model 13? 

Repeat the experiment with Model l4 and Model 5. Did you get 
the same multiple in this case? Make a third trial with Model 17 
and Model 6. On the basis of these experiments do you agree with 
the follov7ing property? 

Property i5 . The volume of a^ pyramid Is one third that of sl 

prism whose base is congruent to the base of the 
prism and whose height is the same as that of the 
prism . 

Since we know how to find the volume of a prism, this leads at 
once, to a formula for finding the volume of any pyramid: 

208 
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where B stands for the niomber of square units of area in the base 
and h the niomber of linear units in the height. 



Exercises 11-6 

1. Find the volume of the pyramids, the measurements of whose 
bases and heights are as follows: 

(a) area of base = 12 square inches, height = 7 inches. 

(b) area of base = 100 sq. cm., height = 2k cm. 

(c) area of base == li|-,i|-00 sq. ft., height = 60 ft. 

2. Model 13 has a square base of 1- inches on a side and a 
height of 4 inches. Check these measurements with your 
model. Then find the volume of Model 13. 

3. vnhat is the height of a pyramid whose volume is 324 cu. m. 
and whose base is a square, 9m. on a side? 

4. The IVramid of Cheops in Egypt is 480 ft. high, and its 
square base is 720 ft. on a side. How many cu. ft. of 
stone were used to build it? (Assume that the pyramid was 
solid.) How many cu. yards? 

5. Find the total surface area of the regular triangular pyramid 
whose lateral edge is 12 inches . 

'6. The side of the square base of a pyramid is doubled. The 

height of the' pyramid is halved. How is. the volume affected? 
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11-7. Cones 

Anyone who has eaten an ice cream cone has at least a rough 
idea of the figure called a cone, or more strictly a right circu- 
lar cone. Let a circle be drawn as shown below, with center C, 
and let V be a point not in the plane of the circle so that 
segment VC is perpendicular to this plane. 



V 




If all the segments from V were drawn to the points of the circle, 
the union of all these segments, together with the closed circular 
region, forms a right circular cone. The closed circular region 
is called the base of the cone, and the union of the segments is 
its latei^al surface' . The point V is called the vertex of the 
cone. In the description right circular cone , the woi»d circular 
indicates that the base is the closed cii-cular region, and the word 
right means VC is perpendicular to the plane of the circle. 
Here we consider only right circular cones, and when the word "cone" 
is used it will mean this type. 

Segment VC is called the altitude of the cone, and the 
length of this segment is the height of the cone. If Q is a 
point of the circle, what kind of triangle is VCQ? Why? If you 
know the height of the cone and the radius of its base can you find 
the length of How? If R is another point of the circle, 

do VQ and W have the same length? This constant distance 
from vertex V to the different points of the circle is called the 
slant height of the cone. 

If h is the number of linear units in the height of the 
cone, r the number of linear units in the radius, and s the 
number of linear units in the slant height, write an equation 
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relating h, r, and s. If you know any two of these numbers 
can you find the third one from this equation? 

As an example, suppose the 
radius of the base of a cone is 
10 in. and the height is 24 in. 
What is the slant height of the 
cone? Did you find the slant 
height to be 26 in.? 

Make and examine Model i8. 
Point out the base, the vertex, 
and the lateral surface. Approxi- 
mately what is the slant height? 
Do you find it is about 4^ inches? 

Do you find the radius a little less than, an inch? Writing these 
as decimals and rounding to one decimal place, we may take the 
slant height as 4.1 inches and the radius as 0.9 inches. What 
is the height of the model? It should be a nice counting number. 

How can we find the volume of a cone? Suppose we use the 
method used on pyramids and compare a cone with a cylinder having 
the same height and same size base. Take Models l8 and 8. Com- 
pare their bases. Are the circles the same size? Do the two models 
appear to have equal heights? How did you test this? 

Now fill Model i8 with salt and empty it into Model 8. Con- 
tinue until Model 8 is full. On the basis of this experiment, the 
volume of Model 8 is how many times that of Model i8? This illus- 
trates the following property. 

Property 7. The volume of the interior of a cone is one third 
that of a cylinder having the' same height and 
whose base has the same radius . 

Since we have already learned how to find the volume of a 
cylinder, this leads at once to the formula for finding the 
volume of a cone: 

1 ? 
V = -jTrr"^ h. 

2 

Since Trr is B, the number of square units of area 
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In the base, the formula could be written as 

Comparing this with Property 6 shows that we have the same rule for 
finding the volume of a ^Cone as for a pyramid. 

As an example, refer back to the cone mentioned above where the 
radius of the base v/as 10 inches and the height 24 inches. 
Then r = 10, h = 24; so by the formula above, 

V = -J TT (10)^ 24 = SOOtt 
and the volume is SOOtt cu. in. or about 2512 cu. in. 
Lateral Area of a Cone 

To find the lateral area of a cone, look at Model l8. If we 
take it apart again, the lateral surface goes back into a sector 
of a circle as shown in the pattern for the model. (Notice that 
a sector of a circle is bounded by two radii and a part of the 
circle.) That is, the model which looks like this. 



V 




2 12 
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flattens out Into a sector of a circle that looks like this. 




Zttt 

The lateral area of the cone has the seme measure as the area 
of the shaded part we are trying to find. The two points marked 
Q In the figure come from the same point of the model. The rest 
of the large circle Is shown In c3otted lines to help you follow 
th3 reasoning. Let s be the number of units In the slant height 
. of the cone and r be the number of units In the radius of Its 
base. 

Now, In a sector of a circle, such as we have above, the area 
Is proportional to the arc. For example. If the arc between the 
two points marked Q is one quarter of the circle, then the shaded 
region Is one quarter -of the Interior of the circle. The clrcvmi- 
ference of the circle Is 2Trs; Its area Is tts^. If L repre- 
sents the niamber of square units In the shaded region, we find 
the following proportion: 

27rr _ L 
IT? 

ITS 

If you multiply both sides of the equation by tts^, what value do 
you find for L? 
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This reasoning Justifies the following conclusion: 

Property If the slant height of a right circular cone is 
s units and the r adius of its base r units ^ 
the number L of square units in its lateral 
area is given by the fornaxla : 
L = Trrs. 

As an example, refer again to the cone where the radius of the 
base is 10 inches long and the height 24' inches. You recall 
we found the slant height to be 26 inches. In this problem we 
have, therefore, r = 10}. s =26, so 

L = TT 10 • 26 = 260 ir « 816.4 

and the lateral area is about 8l6.4 square inches. 

Exercises 11-7 

1, If T stands for the number of square units in the total area 
of the cone (counting the base) write a formula for T in 
terms of r and s. 

2, The slant height of a cone is 12 ft. and the radius of its 
base 3 ft. Find its lateral area and its total area in terms 
of IT, 

3, A cone has a height of 12 ft. and its slant height is 15 ft- 
Find the radius, the lateral area, the total area, and the 
volume . 

4, The radiu& of the base of a cone is . 15 inches and the volume 
is 27007r cubic inches. Find its height, slant height, and 
lateral area. 

5, Let c stand for the number of units in the circumference of 
the base of a right circular cone. Show that the lateral area 
of this cone is given by the formula: 

L = "I cs, 

where s stands for the slant height. 
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6. Look back at Problem 7 in Exercises 11-5 and show for a regu- 
lar pentagonal pyramid that the lateral area is 

L = I ps 

where p is the number of units in the perimeter of the base 
and s is the altitude of each face. 

7. Show why the formula in problem 6 holds for any regular pyramid 

8. Find a relationship between the formulas in problem 5 and 
problem 6. 

9. Suppose that in the diagram for Model l8, the angle Is 2l6° 
instead of 83°30«, and that the slant height is 5" instead of 
4^". Find the lateral area of the cone. Find its volume. 

10, .Construct Models 19a, 19b, and 19c. Actually 19a and 19b are 
identical except for the lettering and can be cut out at the 
same time. Be sure to put the letters on, as we will need 
them to identify the different vertices. Notice that the 
letters do not refer to particular angles but identify a 
particular vertex after the model is assembled. 



11-8. Dissection of _a Prism 

According to our experiments with pyramids, the volume of 
a pyramid Is one third that of a prism having the same height as 
the pyramid and having a base which is congruent to the base of 
the pyramid. It is natural to ask whether we could see this by 
putting together three identical pyramids to form the prism. 
Unfortunately, a little experimentation seems to show this is not 
possible. However, we can get a kind of substitute, as we shall 
see. 

Examine Models 19a, 19b, and 19c. They are all tetrahedrons," 
or triangular prisms. First compare Models 19a and 19b. How 
does face ABC of Model 19a compare with face SRQ of Model 19b? 
How do their heights compare if we consider these faces as bases? 
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(Actually these questions are a little ridiculous since we have 
already noticed the patterns are identical for the two models so 
all their measurements must agree.) In any case the two tetrahe- 
drons ABCQ and QRSC (that is, iVtodels 19a and 19b) have inte- 
riors with equal volumes. 

Now compare Models 19a and 19c. We find these models defin- 
itely do not look alike. However, compare face ABQ of Model 
19a with face BCR of 19c. Do you find them congruent? Place 
the models on the desk with these faces in contact with the top of 
the desk. Notice that in these positions you can push the models 
together so that the two faces marked BCQ coincide. What can 
you say of the heights of these two models when placed in this 
position? Models 19a and 19Cj when looked at in this way, are 
triangular pyramids with congruent bases and congruent altitudes. 
What can you say about their volumes? What property are you using? 

You should have concluded that the three Models 19a, 19b, 19c 

» 

have equal volumes. Now put the three models together so that 
faces BCQ of Models 19a and 19c coincide and so that faces QRC 
of 19b and 19c coincide. What is the resulting figure? Is it a 
triangular prism? 

These three models with equal volumes can thus be assembled 
to form a prism whose base is the same as the face ABC of Model 
19a, and whose height is the same as that of 19a. This shows 
again the result stated in Property 6. Actually the work is Just 
discussed in Chapter 10 except that here we have been particularly 
interested in the volumes of the pieces. 

If we imagine Model 19a as originally given, we can think of 
ModGls 19b and 19c as two more tetrahedrons which have been Invented 
having the same volume as 19a, and so that they can be combined 
with 19a to produce a prism of the same base and height. In this 
particular case the base of 19a is an equilateral triangle, and 
one of the lateral edges is perpendicular to the plane of the base. 
Could this still have been done if ABCQ were any triangular 
prism? The answer is, yes. 
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Inch-Cube 












■ 







Model 2.; Half Cubic Inch 
( not half -inch cube) 



Model 3. Half-Inch Cube 
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Model 4. Rectangular Right Prism 



'2 



1" 
2 



1" 
2 



|I" 
'2 



'2 



1" 
.2_ 



1 " 
2 



1 " 
2 



(Note to student: you 
may find it easier to 
complete the model by 
making the tab on the 
right wider than 
shovm in the drawing.) 



i" 
2 
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Model 5. Right Hexagonal Prism 




shown in the drawing.) 
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Model 6. Right Triangular Prism (Make an extra copy of the tri- 
angle for the top base. Use only one tab so the top can 
be opened.) 
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Model 7. Right Prism with Rhombus as Base (also. Parallelepiped) 




right wider than 
shown In the drawing.) 
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Mod el 8. Right Circular Cylinder (Draw the circular bases with 
your own compass, using the radius of the circle below. 
Make an extra copy of the circle, since there are two 
bases. Attach the lower base firmly (with tape) but 
attach the top base only at one point so it can be 
^ readily opened.) 
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Model Oblique Prism with .Rhombus as Base (also. Parallelepiped) 
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Model 10. Oblique Prism with Rhombus as Base (also. Parallelepiped) 




making the tab on the 
right wider than 
shown In the drawing.) 
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Model 11. Oblique Triangular Prism (Make an extra copy of the 
triangle for the other base. Use only one tab in 
attaching it so the top can be opened if desired.) 
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Model 12. Oblique Triangular Prism (Make an extra oopy of the 
triangle to use for the other base. Use only one tab 
in attaching It so the top oan be opened If desired.) 
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Model 18 , Right Circular Cone (Draw the olrole and aro with your 
own oompasa using the radii shown. The radius of the 
small olrole Is suppose to be the same as In Model 8.) 




509 - 
Model 19c 




The remaining segments not labeled for length are the same 
lengths as the segments In Models 19a and 19b Joining the same end 
points. That is, segment BQ here has the same length as segment 
BQ in Model 19a. 
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Summary of Properties given in Chapter 11 

Property 1. If a line is perpendicular to two distinct intersect- 
ing lines in a plane^ it is perpendicular to the plane. 

Property 2. The shortest segment from a point Q outside a plane 
r to the plane r is the segment perpendicular to that plane. 

Property 3, If two planes are parallel, the perpendicular distance 
from different points of one plane to the other plane are all the 
same. 

Property If two prisms have congruent bases and equal heights 
they have equal volumes. i - . 

Property 5. If two pyramids have congruent bases and congruent 
altitudes^ they have equal volumes. 

Property 6, The volume of a pyramid is one third that of a prism 
whose base is congruent to the base of the prism and whose height 
is the same as that of the. prism, ("^ - where B stands for 

the number of square units of area in the base and h the number 
of linear units In the height.) 

Property The volume of the interior of a cone is one third 

that of a cylinder having the same height and whose base has the 

12 1 
same radius, (V==-j7rrh or V = -j Bh) 

Property 8, If the slant height of a right circular cone is s 
imits, and the radius of its base r imits, the number L of 
square units in its lateral area is given by the formula, 

L = TT rs. 
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Chapter 12 
THE SPHERE 

12-1. Introduction 

If. you were asked to describe the shape of a coin, you might 
say that it is "round." But this definition is vague. To describe 
it more accurately, you might say that it is "circular." This is 
more accurate because you have already learned a careful definition 
of a circle: 

A circle is a set of points in a plane such that all 
points of the .set lie at the same distance from a 
particular point, P, called the center. 

Recall how you use a conflpass to draw a circle with a given 
center and radius. The point of the compass is placed at the cen- 
ter. The compass holds the point of the pencil at a constant 
distance (the radius) from the center as you draw the circle. We 
call the drawing a circle, but the drawing merely represents the 
circle. Just as a drawing of a line segment represents a line 
segment. 

When we talk about circles, we talk about points in a plane. 
Suppose we consider all the points in space. What subset of points 
is suggested by the follovri.ng description: "A set of points in 
space, each point of the set at the same distance from a particular 
point"? This set of points v/ould be more than a circle. We would 
have a surface, like the surface of a ball. Such a surface we call 
a sphere. The point from which the distances are measured Is 
called the center of the sphere. Some people might call such a 
surface "pe; '^ectly round" but this is not as definite a term as 
"sphere." 

The surface of the earth is a fairly good representation of a 
sphere. But it is not exactly a sphere because of its mountains 
and its valleys. Also, the earth is somewhat flattened at the 
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poles. (The length of the equator is 2^1-, 902 miles and that of a 
great circle through the poles is 2^4,860 miles — like most mature 
bodies, it is slightly larger aroiind the middle!) The surface of a 
basketball is a better representation of a sphere. The surface of 
some Christmas tree ornaments, or the surface of a BB shot, are 
even better representations of a sphere because they are smoother. 

Many objects are spherical, that is, have the shape of a 
sphere. Some of these objects, such as ball bearings, are impor- 
tant to industry. Some, like rubber balls, are used as toys. It 
is because of these many spherical objects and, most of all, 
because of the shape of the earth, that it is Important to icnov/ 
some of the properties of spheres. 

Before v/e go any further we should emphasize that it is the 
surface that we call the sphere. On a ball, only that portion that 
we could paint represents the surface. In a gas -filled v/eather 
balloon, only the portion of the balloon exposed to the air is the * 
siarface. 

A very interesting representation of a sphere is a soap 
bubble. Have you ever wondered why a soap bubble takes the shape 
of a sphere? There is a very definite physical reason for this. 
We will leam more about this property at the end of this chapter. 

Exercises 12-1 

1. List as many games as you can in v;hich a spherical object, 
such as a ball, is involved. 

2. List as many spherical objects as you can which are used as 
containers . 

3. Pishing is a popular sport and an Important industry. Can you 
think of any spherical objects which are very useful in cer- 
tain kinds of fishing? 

h. List some objects, useful in a home, that are shaped like 
spheres. 
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"Consider a coin such as a fifty-cent piece. Assume the coin 
has no thickness, 

(a) What geometric figure does the edge of the coin suggest? 

(b) Suppose you use one finger 
to hold the coin in an 
upright position as shown 
at the right, V/hen hit 
sharply on one edge the 
coin rotates very rapidly. 
V/hat geometric idea is 
represented by the edge of 
the rotating coin? 

(c) Does the geometric idea represented by the rotating edge 
have any thickness? 

In the study of geometry of a plane we sometimes refer to an 
object as having only two dimensions. Name an object which 
has three dimensions. 

Refer to the text, and review the definition of circle. V/rite 
a definition of sphere, 

(a) Suppose all the points of a sphere are a' distance v 
from the center, C, of the sphere. How can you describe 
the set of all points which are located at distances less 
than V from C? 

(b) How can you describe the set of points which are located 
at distances greater than v from C? 
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12-2. Great and Small Circles 

Suppose we let a ball represent 
a sphere. Arrows, shot at the ball, 
pierce the siirface, or skin, as 
shown at the right. It would be 
possible to shoot many such arrows, 
piercing and passing throxigh the 
ball. Assuming that each arrow 
pierces the sxirface of the ball, as 
shown in the draining, in how many- 
distinct points must each arrow pierce the surface if the length of 
the arrow is greater than the diameter of the sphere (see below for. 
definition of "diameter")? 

Each arrow that pierces the ball may be thoiight of as a line 
which intersects the sphere. Let us think about all such lines 
which intersect a particular sphere in tv/o distinct points. Some 
lines will pass through the upper part of the sphere, some through 
the lower part, and some through both parts. We can imagine 
infinitely many such lines passing through the sphere. Every line 
which passes throiagh the sphere intersects the sphere in two dis- 
tinct points . 

Each of these lines contains a line segment whose endpoints 
lie on the sphere. Let us consider this set of line segments. Are 
all such segments congruent, that is, do they have the same length? 
No, but there is one subset of these segments which are congruent — 
namely those segments which pass through the center of the sphere. 
A line segment \^rlth both endpoints on the sphere and passing 
through the center of the sphere is called a diameter of the sphere. 
V/ill each line segment v/hose endpoints are on the sphere have the 
same length as a diameter? Do you see why it is necessary to 
include "passing through the center" in our definition of a 
diameter? 

The line passing through the poles of the earth is called the 
axis of the earth. This is approximately the line about which the 
earth revolves. If we think of the earth as a sphere, the diameter 
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contained m the axis intersects the sphere at the North Pole and 
at the South Pole. We think of these two points, represented by " 
the poles, as being "directly opposite" each other. Since the pre- 
fix "anti" means opposing, we could call these points "anti-polar" 
points. But the poles are not the only points on earth having this 
property, since each diameter of the earth will contain two such 
points. So, we use a different name. The endpolnts of any diam- 
eter of a sphere are called antipodal points. (This is pronounced 
"an - tip'- o - dal.") We say, then, that each endpoint of a diam- 
eter of a sphere is an antlpode of the other endpoint. (in "anti- 
pode" the accent is on the first syllable.) Thus, the North Pole 
represents a point which is an antipode of the point represented by 
the South Pole. Every point on a sphere has one antipode. To find 
the antipode of any point P on a sphere, connect P to the cen- 
ter C of the sphere. The line through these two points Mill 
intersect the sphere in the antipode of point P. 

„ As an example of antipodal points, think of the point on the 
surface of the earth on which you are standing. The antipode of 
this point would be on the far side of the earth. You might think 
of a hole dug straight down through the center of the earth, coming 
out on the other side, mere would it come out? You might find it 
interesting to locate the antipode of the place where you live. To 

do so, use a globe representing the earth. 

Now think of the earth as a North 

sphere with a vertical axis as 

shown at the right. Consider the 

horizontal planes represented in 

the drawing. One plane just 

touches the sphere at the North 

Pole, and one Just touches the 

sphere at the South Pole. A plane, 

which just touches, or intersects South Pole 

the sphere at one point is said to be tangent to the sphere at that 
point. At each point of a sphere there will be a plane tangent to 
the sphere at that point. 
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Suppose we lower the horizon- 
tal plane as shown in the second 
drawing at the right. Will the 
plane intersect the sphere in Just 
one point? The intersection set 
of a sphere and a plane as shown 
at the right will be a circle. 
What happens to the length of the 
circle as we move the plane lower? 
The circlet will increase in size 
until we reach the "middle" of the 
sphere. We call this circle at 
the middle the equator . From that 
position, we move the plane lower, 
the circles decrease in length 
imtil the intersection set again 
consists of one point at the South 
Pole. Thus, a plane which inter- 
sects a sphere may have an intersection set with the sphere which 
is a circle or consists of only one point. Of coxirse. It is also 
possible that the plane and sphere do not intersect at all. Then 
the intersection set is the empty set. 

Suppose we consider the set of circles on the surface of the 
earth which are intersections of the earth with planes parallel to 
the equator. In this set, the equator has two properties which 
none of the- other circles of the set have. First, its length is 
greater than the lengths of the other circles. Second, its plane 
passes through the center of the sphere. We call the equator a 
^reat circle and the other circles small circles. 

Of course, any plane through the center of the sphere cuts the 
sphere in a circle of the .same maxlmtun size. Any one of these 
circles is a great circle. 

Definition . A great circle on a sphere is any inter - 
section of the sphere with a. plane 
through the center of the sphere ■ 



[sec. 12-2] 

242 




517 

Definition. All circles on a sphere which are not 
great circles . are called small circles . 

All great circles on a sphere have the same length since their 
radii are equal to the radius of the sphere. The length of every 
great circle on a sphere is greater than the length of any small 
circle on that sphere. 

Again, think of the earth as a sphere. We can imagine many 

great circles of this sphere. A 

particular set of great circles of 

the earth Is the set consisting of 
- those great circles which pass 

through the North Pole and the South 

Pole. On such a great circle, con- 
sider the half -circle which runs 
from one pole to the other. Such a 
half -circle with the poles as end- 
points Is called a meridian . We 
sometimes use the term "seml-clrcle" 

in talking about half of a circle. Thus, all meridians are semi- 
circles. 

The small circles whose planes are parallel to the plane of ■ 
the equator are called parallels of latitude . Each parallel of 
latitude has its center on the axis of the earth and its plane per- 
pendlciilar to the axis of the earth. 

You know that when you face north, east will be to your right, 
west to your left and south at yoxir back. On the svirface of the 
earth, east and west from the point where you stand will be along 
the parallel of latitude through this point. . When we want to 
emphasize that a direction is exactly east, we sometimes say "due 
east." 

Parallel circles of latitude and meridian semi -circles will be 
discussed more carefully later. At that tUne we shall discuss how 
points on the surface of the earth can be located by means of these 
great and small circles. 

You already know that. In a plane, the shortest distance 
between two points is along a straight line. On a sphere this Is 
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not true, althoiigh it may appear to be true when you think of two 
points rather close together on the earth. Can a plane, flying 
from New York to San Francisco travel along a path which is a 
straight line? Of coxzrse not, it must follow the cxzrvature of the 
earth. On a sphere, it txzrns out to be true that the shortest dis- 
tance between any two points is a path along a great circle that 
passes through the two points. (You may have heard of "the great 
circle route" for airplanes and ships.) The proof of this impor- 
tant fact is much too difficult to be given here. However, by 
using a string stretched aroiind a globe you may test this statement. 

Exercises 12-2 

Do yoxir best to answer each question in Problems 1 to 6. When 
asked to explain your answer give what reasons you can, but do not 
feel that you have to prove that your answers are correct. You 
should be prepared, however, to supply reasons for yoxir answers in 
most cases. The purpose of these questions is to help you start 
thinking about some of the properties of spheres. You will find it 
extremely helpful to make drawings on a large ball or some other 
spherical object. Such drawings will help you "see" the things we 
talk about. 

1. (a) Is there an antipode of any given point on a sphere? 

(b) Is there more than one antipode of any given point on a 
sphere? 

2. In the drawing at the right, C 
is the center of the sphere. A 
and B are antipodal points . 
The great circle passing through 
A and B is shown as a curve. 
D is a point on this great 
circle passing through A and 
B. The part of the great circle 
not seen from the front is shown as dotted lines. 
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(a) Measuring along a straight line through the Interior of 
the sphere which distance Is greater, AB or AC? 

(b) Measuring along the svirface of the sphere, is It farther 
from A to D or from A to B? 

(c) Is there any point on this great circle farther from A 
than B, measuring either on a line through the Interior 
or along the great circle on the sphere? Explain. 

(d) Do all great circles containing A pass through point 
B? Explain. 

(e) Do any other great circles passing through A also pass 
throvigh point D? Explain. 

(a) How many great circles pass through a given point, such 
as the North Pole, of a sphere? 

(b) How many small circles pass through a given point of a 
sphere? 

(c) Can a small circle pass through a pair of antipodal 
points on a sphere? Explain. 

(a) On a sphere, does every small circle Intersect every 
other small circle? Explain. 

(b) On a sphere, does every great circle Intersect every 
other great circle? Explain. 

(a) In how many points does each meridian cut the equator? 
Explain. 

(b) In how many points does each meridian cut each parallel 
of latitude? 

(c) Does a parallel of latitude Intersect any other parallel 
of latitude? Explain. 
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6. In the drawing shown at the right, 
" C represents the center of a 

sphere with point A on the sxxr- 
face of the sphere. 

(a) Assiome that D is a point 

b e t we en A and C on AC . 

Where is D located with 

respect to the sphere? 
..... (b) E is a point on AC but is not on AC. Must E be 

inside the sphere? 
(c) B is a point on AC and is on the sphere. What is the 

relation between points A and B? Explain. 
■ (d) Assume a point E is the antipode of point A. V/ill E 

be on AC? Explain, 
(e) If AB is a diameter of the sphere, what name can we 

give to AC or BC? 

7. In the chapter on Circles in Volume I, the interior of a 
circle of radius r and center C was defined as the set of 
all points at a distance less than r from the center C. 
(This set includes the center C itself.) 

(a) Using the above definition as an example, define the 
interior of a sphere. 

(b) Similarly, define the exterior of a sphere. 

(c) Similarly, define a sphere. 




12-3. Properties of Great Circles 

can you remember when you learfied that the earth is spherical? 
Some young children are amazed when they learn that the earth is 
spherical. This is not strange, however, for we know that at the 
time Columbus was living many intelligent adults believed the earth 
was generally flat, much like a plane. Suppose this were true. 
How then could a person go "around the world"? 
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We use the term "navigate" to describe the process of 
directing our movements on earth. Deciding what course, or 
direction, a ship or airplane is to follow is the responsibility of 
the navigator. To avoid unnecessary expense, the navigator must 
try to direct the movement of the ship, or airplane, along the most 
direct route between stopping places. 

Suppose yoia want to take a short trip. By a short trip we 
mean keeping within the boundaries of one of the smaller states, 
such as Connecticut. For such a trip you can use a road map as a 
■guide. Most road maps are flat, like planes. Let us assume that 
the actual surface of the country is flat and that the roads 
Joining cities are all straight segments. Or, we can assume you 
will use a small plane, and can travel along straight line segments. 
For such a trip it vrould bo easy to decide on the shortest route,' 
and it v/ould be easy to decide v/hich direction to follov;. 

However, if you are planning a trip from San Francisco to 
London or from New York to Buenos Aires, a road map is of littll 
help. For planning such a trip, a model of the earth, such as a 
globe, xvould usually be more helpful than a map in the form of a 
plane. You will sometimes find that things are not what they seem 
to be. 

To understand travel on the globe better, let us review some 
fundamental properties of spheres, in Exercises 12-2 two fundamen- 
tal ideas about spheres were introduced. These ideas deal v;ith 
great circles. The first idea may be stated as a property. 

Property 1. Every pair of distinct great circles 
interse ct in two antipodal points . 

This property is easily proved as 
follows: 

(1) Every great circle of a 
sphere lies on a plane 
through the center of the 
sphere . 

(2) All planes containing a 
great circle have the 
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center in common, and thus any two such planes must 
intersect, 

(3) The intersection set of any two intersecting planes is a 
line . 

(4) This line intersects the sphere in two antipodal points 
since the line passes through the center, 

(5) Thus, these antipodal points are the points of intersec- 
tion of the two great circles on the two planes. 

We will use this property in discussing distances between points^ on 
a sphere. 

In the previous section we stated that the shortest distance 
on the surface of a sphere between any two -points on the sphere is 
measured along the path of a great circle. In the study of geometry 
In high school mathematics this statement is proved. We will not do 
so now but we shall use the result as a fact. 

Assume you are to find the shortest route between two points on 
the globe. Suppose you are to travel from the North Pole to the 
South Pole. Is there one shortest route? No, for you can easily 
find as many "shortest" routes as you please. Each meridian Is a 
possible route. If we think of the earth as a sphere, the meridians 
are. congruent. Thus, it does not matter which meridian is selected 
as your route. For any two. antipodes, there are any niomber of paths 
one can take, namely any of the- great circle paths determined by the 
-two antipodal points. 

But, what if the two points are not antipodes? How many pos- 
sible paths along a great circle route are there? We can show that 
there are only two possible great circle paths between two such 
points. Moreover, both these paths lie on the same great circle. 
This is the next important property. 

Property 2. Through any two points of a sphere , 
which are not antipodes , there is 
exactly one great circle . 
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We can prove this property as follows; 



(1) 
(2) 



and B, which 



(3) 
(5) 



On a sphere consider any two points, 
are not antipodes. 

Since A and B are 
not antipodes, a line 
through A and the 
center of the sphere, 
C cannot pass through 
B. (SiJTiilarly, BC 
does not contain A.) 

Through the three points 

A, B, and C there can pass exactly one plane, because 
these three points are not contained in one line. 




The one plane containing A, B, and C, 
great circle with center at C. 



contains only one 



Axis 



This great circle is thus the only great circle passing 
through A and B. 
This property tells us that, if tvio points on the sphere are 
not antipodes, there is exactly one shortest route betv/een these 
two points. Of course, there are 
two directions one can travel along 
a great circle containing A and 
B. In the drawing at the right we 
see that one route, ADB, v/ould 
pass through D, the other, ACB, 
through C. Since A and B are 
not antipodes, one route must be 
shorter than the other. We natu- 
rally choose the one which is 
shorter. Can you pick the shortest route in the drawing? 

Prom the point of view of shortest distance, the great circles 
on a sphere behave like straight lines on a plane. We have shovm 
also that through any two points there is Just one great circle, 
unless the points are antipodal. But great circles on a sphere do 
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not behave like straight lines in all respects for an^; tvra great 
circles intersect in two points. There are no parallel great 
circles on a sphere. 



Extercises 12-3 

Use a globe and length of string and a ruler to answer Problems 1 
to 3. 

1. Locate Nome, Alaska and Stockholm, Sweden on the globe. 

(a) Place one endpolnt of the string on the location of Nome. 
Place the string on a northern path, passing through the 
North Pole. Continue tintil you reach Stockholm. Care- 

• fully mark on the string a point xvhich falls on the loca- 
tion of Stockholm. What is the distance on the globe in 
inches from Nome to Stockholm as represented by the seg- 
* ment marked on the string? 

(b) Using a string and ruler, what is the distance from Nome 
to Stockholm along a route directly east from Nome? 

(c) Prom yovir rese^ts above, what is the shorter distance 
between the two points represented by Nome and Stockholm: 
a path following a great circle; or a path following the 
small circle which is the parallel of latitude? 

2. (a) What is the distance from Nome to Rome along a great 

circle route which passes through a point near the North 
Pole? 

(b) What is the distance from Nome to Rome along a south- 
easterly course passing throiogh the southern tip of 
Hudson Bay, and through a point on the border between 
Spain and Prance? 

(c) How do your results in (a) and (b) compare? 

3. A merchant living in Singapore, Malaya, plans to take a non- 
stop flight to Quito, Ecuador. What is the best route between 
these two points? 
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^. Explain why going due north would be the shortest although not 
necessarily the safest or best, route in traveling to a point 
on the earth directly north of your starting point. 

5. (a) Explain why going due east is not always the mcst 

efficient way of getting to a point directly to the east. 

(b) When is a route due east or west always the most 
efficient? 

♦6. Given three points on a sphere. Can a circle on the sphere 

(small or great) be dram through all three points? 
7. BRAINBUSTER: A hunter set out walking due south from his ' 
camp. He ivalked for about two hours without seeing any game. 
Then he walked 12 miles due east. At this point he saw a 
bear which he shot. To return to camp he traveled directly 
north, l^at color was the bear? (Note: This problem does 
have an answer. ) 



12-h. Locating Points on the Svirface of the Earth 

You already know how to locate points in a city by the streets 
and street numbers. Suppose, however, that you are planning to 
visit a friend who has just moved to a farm. You need some instruc- 
tions to find the location of yovir friend's new home. You might be 
told: "Start from ivhsre you are now. Prom this point, go east 2 
miles, then go north for 1 mile.," These instructions give you 
three things: a starting (or reference) point, the directions you 
must follow from the starting point, the distances you must travel 
in those direction. 

Imagine that you are a pilot of a transoceanic airplane, or 

the captain of an ocean ship, it is your responsibility to help 
navigate, or direct the course, of the ship or plane. The course 
will follow various headings, or "paths." Before any directions 
for the headings have any meaning, you must know where you are. 
That is, you must Icnow your location on the earth. By keeping 
track of the location of the plane or ship on maps, it is possible 
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to determine the correct headings. Your first Job is to find your 
location. How can this be done? 

To locate points on the earth's surface, vie think of the earth 
as a sphere and define two sets of cxzrves on the sphere. One set 
of ctirves consists of the 
circles called parallels 
which X'/e mentiqned in Sec- 
tion 2, There v;e had a 
set of parallel planes 
slicing the earth in hor- 
izontal sections as shov/n 
at the right. The top 
plane is tangent to the 
North Pole, and the bot- 
tom plane is tangent to 
the South Pole. The inter- 
section of each of the remaining planes and the earth is a circle. 
The circles determined by these planes are all small circles except 
for the equator, v/hich is a great circle. All such circles are 
called parallels of latitude . They are called "parallels" because 
they are determined by planes parallel to the plane passing thro\igh 
the equator. 

The second set or curves consists of the meridians, which also 
have been described earlier in this chapter. Remember that merid- 
ians are halves of great circles which have the poles as endpoints. 
Thus, each great circle through the poles consists of tv;o meridians. 
Each meridian has as its diamecer the axis of the earth. 
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Let A be some point on the sphere as shown below. There is 
exactly one plane throvigh A, per- 
pendicular to the axis of the earth. 
This plane contains the parallel of 
latitude through A. There is 
exactly one meridian through A 
because the point A and the North 
Pole (or South Pole) determine one 
great circle. Since that great 
circle passes through the poles, 
the arc of the great circle con- 
taining A is a meridian. Thus, 
throiigh each point of a sphere, 

except the poles, there is exactly one parallel of latitude and one 
meridian . 

It remains only to find numerical names for the meridians and 
parallels of latitude. How can we do this? We select one of the 
meridians on the earth as a reference line. We label this the zero 
meridian . The other meridians are east or west of the zero merid- 
ian, just as streets in a to;m are east or west of the street used 
as a reference. ' 

Actually, the zero meridian for the earth has been designated. 
It is the meridian which passes through a certain location in 
Greenwich (pronounced Gren - ich), England. Greenwich is near 
London. We sometimes refer to this meridian as the Greenvfich 
meridian , even though the meridian itself passes through one par- 
ticular point of the town. The meridian at Greenwich is sometimes 
called the prime meridian. (This has nothing to do with a prime 
number . ) 

The intersection of the Greenwich meridian and the equator is 
marked 0°. Prom this point, we follow the equator east, or west, 
until we reach the meridian which passes through the antipode of 
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the Greenwich point that lies on the great circle through Greem^rLch 
and the North Pole. This meridian 

intersects the equator at a point PS::^-^ , Greenwich 

which is half viay around the equa- 
tor from the point labeled 0^. 
This point is labeled l8o°. We 
can think of a plane intersecting 
the earth in this great circle. 
The plane separates the earth into 
two hemispheres, or half -spheres, 
as sho\m in the drawing at the 
right. The hemisphere on the left 
as you look at the drawing, is 
named the v/estern. hemisphere . The 
hemisphere on the right is the eastern hemisphere. 

The great circle, which we call the equator, iG divided into 
360 equal parts as shovm at the 
right, as seen by an astronaut 
above the North Pole. The mem- 
bers between 0 and I80 are - 
assigned to the points on the 
half equator to the left of 0°. 
The same is done for the points 
on the other half of the equator. 
Each of these points names the 
meridian passing through that 
point. Any point on earth may be 

located by the meridian passing through the point. For example, 
Los Angeles is approximately on the meridian 120° west of the 
Greenv/ich meridian. Tol<yo is approximately on the meridian l4o 
east of Greenv/ich. V/e say the longitude of Los Angeles is about 
120%. (west). The longitude of Tolcyo is about l4o°E. 

The parallels of latitude are located in the following way. 
The equator is designated the zero parallel. All points above the 
equator are In the northern hemisphere, points below in the 
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southern hemisphere. We choose any meridian, for instance that 
meridian through Greenwich. The part of the meridian from the 
intersection with the equator to the North Pole is divided Into 
90 equal parts, assuming that the 
earth is a sphere. The v/hole num- 
bers betv/een 0 and 90 are ' 
assigned to these points. Each 

point determines a parallel of 

latitude. A similar pattern is 

follov/ed for points on the merid- 
ian south of the equator. Por any 

point on earth, v/e may locate the 

parallel of latitude containing 

the point. For example, Nev/ 

Orleans Is approximately on the 

parallel 30^ north of the equator. V/ellington, New Zealand, is 

approximately on the parallel ho^ south of the equator. We say 

that New Orleans has a latitude of about SO^N^ (north) . The 

latitude of Wellington is approximately J^^O^S. 

Some of the parallels are given special names. The Arctic and 

Antarctic Circles are the parallels located about 23^ degrees 
from the North and South Poles. The Tropic of Cancer is about 
degrees north of the equator, and 




23| 



the Tropic of Capricorn is about 
23^ degrees south of the equator. 
Portions of spheres betv/een two 
parallels of latitude are some- 
times called zones . Some of these 
zones are also given special names 
as shown in the drav/ing at the 
right. Can you locate the zone in 
v/hich you live? Can you name the 
hemisphere in which you live? 
Could there be two different 
correct answers? 
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To locate a point on earth, we name the meridian and the 
parallel of latitude passing through the point. Thus we name the 
longitude and the latitude of a point. For example: 90^W., 30^N. 
locates a point in the city of New Orleans. We say that New 
Orleans is located approximately at this point on earth. Durban, 
South Africa, i^ located at approximately 30^E», 30^S. Note that 
the longitude is alv^ays listed first. Do the longitude and 
latitude of a point help you locate the hemisphere in which the 
point is located? Notice that latitude and longitude give a 
coordinate system on the sphere much as the X-axis and Y-axis 
give a coordinate system in the plane. 



Exercises 12-^^ 

1. Using a globe, find the approximate location of each of the 
follov/ing cities. Indicate the location by listing the 
longitude first, followed by the latitude. Be sure to include 
the letters E or V/ and N or S in your answers. 

(a) New York City (e) Paris 

(b) Chicago (f) Moscow 

(c) San Francisco (g) Rio de Janeiro 

( d ) London ( h) Me Ibourne , Aus tr al ia 

2. Greenwich, England, is located approximately on the parallel 
of latitude labeled 52°N. V/ithout getting further infor- 
mation, write the location of Greenv/ich. 

3. Chisimaio, Somalia, in eastern Africa, is located on the equa- 
tor (or very near the equator). It is about 42 degrees east 
of Greenv;ich. V/ithout using a reference, v/rite the location 
of Chisimaio. 

4. Find ansv/ers to the follov7ing, using such reference materials 
as encyclopedias, maps, and social science and history books: 

(a) V/hat is the parallel separating North from South Korea? 
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(b) Find some states, parts of whose boundaries are along 
parallels of latitude. 

(c) What parallel of latitude was involved in the dispute 
between the United States and Great Britain about their 
boundary in the Northv/est? 

(d) l^lhat parallel of latitude was connected with the Missouri 
Compromise? 

(e) V/liat parallel of latitude is associated with the Mason 
. and Dixon line? 

(f ) Can you guess the reason for the name of the country 
Ecuador In South America? 

Using a map or a globe, find cities located approximately at 
the following longitudes and latitudes: 

(a) 58°W.,35^S. (b) ITS'^E . ,^I1^S. 

Using a map or a globe, find cities located approximately at 
the follov/ing longitudes and latitudes: 

(a) 122°E.,35''n. (b) 5%.,4l°N. 

(a) Compare the location of the city in your ansv/er for 5(a) 
V7ith the location of the city in your answer for 6(a). 

(b) Similarly, compare the locations of the cities determined 
by 5(b) and 6(b). ^ 

(c) What kind of points do these locations suggest? 

(a) Determine the location of your home tovm. 

(b) Determine the antipodal point of this location. 

(c) If you could travel from a spot in your home town through 
the center of the earth, would you come out in China? 

V/hat point in the United States is closest to Moscow, Russia? 
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10. Using a map or other reference, find the answers to the 
following questions: 

(a) Is Reno, Nevada, east of Los Angeles? That is, does the 
meridian through Reno lie east of the meridian through 
Los Angeles? 

(b) About where v^ould the meridian through Miami, Florida, 
strike South America? 

(c) Which of the following cities is closest to being on the 
same parallel of latitude with New York City: San Fran- 
cisco; Portland, Oregon; or Seattle, Washington? 

(d) Which of the following cities Is closest to being on the 
same parallel of latitude with New York City; London; 
Madrid; or Casablanca, Morocco? 

Are there two different points on the earth which have the 
same latitude and longitude? If so, where are they, and If 
not, explain why there are none. 

*12: Are there any points on the earth that have more than one 

location m terms of latitude and longitude? Explain why, or 
why not. 

*13. Determine a way of finding the loca+-':'on of an antipodal point, 
say of 90° V.,k5° N., without using i r obe or map. Then find 
the antipodal points of each of the ;-rviiowlng: 

(a) 8o° W., 25° S. 

(b) 100° E., 65° N. 

(c) 180° W., 52° S. 

*14. Find the reasons for the location of the Arctic Circle and the 

Tropic of Cancer. 
•*15. Where and what Is the International Date Line? 

*l6. Southeast of Australia, there Is located a group of Islands 

called the Antipodes Islands. They received this name because 
they are antipodal to Greenwich. Without using a reference, 

[sec. 12-1^] 

258 



ERIC 



533 



write the location of the Antipodes, v/hen It is midnight in 
Greenwich, what tUne pf day is it at the Antipodes? When it 
is the middle of summer in Greenwich, what oeason is it in the 
Antipodes? Does this mean that when it is June 21st in 
Greenwich it is December 21st in the Antipodes? 



of an edge of the cube Is e then the measure, 
is e . The volume of the cube is e"^ cubic units. 



12-5. Volume and Surface Area of a Spherical Solid 

In previous chapters a cube has been discussed in detail. 

Remember that It is a surface. The volume of a cube is the volume 

of the rectangular solid v^hose surface is a cube, if the measure 

e then the meaanr-P. v.. of the volvime 

The subscript, 
c, merely means that this refers to the cube. 

A sphere is a surface. By the volume of a sphere we will mean 
the volume of the solid whose surface is a sphere, in this section 
we give a formula for the measure, v^, of the volume. Let r 
stand for the radius (thr.t is, the number of units in the length of 
the radius) of the sphere and see first how we can get an approxi- 
mate idea of its volume. Build around this sphere the smallest 
possible cube. This cube should 
touch the sphere as indicated in 
the diagram, it looks like a base- 
ball in a tight-fitting box. 

The edge of the cube has 
measure 2r. Hence 

= (2r)2 = 8r^. 




V. 



Since the sphere lies entirely within the cube, the volume of the" 
sphere is less than the volvime of the cube. Hence 

Vg < Sr^. 
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Now think of oonatruotlng a cube entirely within the sphere 
that all vertices of the cube lie on the sphere. The points A 
and B are shown as opposite ver- 
tices of the cube, and C Is the 
center of the sphere and of the 
oube. You see that C lies on 
the segment ISS. Hence A and B 
are antipodes. ADE lo a right 
triangle, so 

(AD)^ o + = 2e^ 



where e Is the number of units In 
AE. Now ADB Is a right triangle and hence 

(AD)^ + (BD)2 = (AB)2. 
But BD = e and AB = 2r. Hence 




+ = i2rf. 



3e' 



4r^ 



® "3 ~ 3'3 



e . e = ( 



- / 2/3 



-) ( 



2 v^r^ 



e = 



2^/3 



3 2 4 2 2 „ _ 8 >/3 3 ^ , (.^_3 
Hence, Vp=e =e«e=-r' — ^ — r = ^ ■ r 'v. 1.53r . 

Since the volume of the sphere is larger than the volume of this 
cube. 



Therefore, 



Vg > 1.53r^. 



1.53r'' < Vg < Sr"*. 
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We have obtained tvio numbers between which the measure of the 
voliome of the sphere lies. Actually these numbers are not very 
close to each other as you can see by letting r = 2 and computing 
the volumes of the tvio cubes. To find an accurate formula for the 
voltune of a sphere is a, task far too difficult at this time. But, 
it can be proved that the volume of a spherical solid is ^ irr^ 
mifs, where ir is the same number we met when v/orking v/ith 
circles, and ^^r is the measure of the radius of the sphere. 
Notice that v Z K, so that ^ Trr^ certainly lies between 
1.53r and 8r . The number tt is a real number though not a 
rational number; it is an irrational niomber. Its decimal form has 
been computed to many places. To five decimal places' it is """" 

TT = 3.14159 ... 

Although we do not prove it in this book, we shall use the 
fact that thr voliime, V^, of a sphere with radius of measure r 
ts given by the formula 

4 3 

Vg = ^ vr cubic units. 

If the radius of the sphere is measured in inches, then the volume 
is measured in cubic inches, other units are handled in similar 
:rashion. 

Surface Area of a Sphere 

We were able to approximate the volume of a sphere by com- 
paring it to the volume of a smaller cube inside the sphere and to 
a larger cube containing the sphere. We now ask how to get some 
roup:h .estimate of the surface area of the sphere (the area of the 
skill of the orange, so to speak). 

If we look back at the cube whiclr'v/e cons ^:njc ted to enclose 
the sphere, we see that the edge- of the cube has measure 2r. 
Hence, each face of the cube has area (2r) x (2r) = 4r^. There 
are 6 faces on the cube. Therefore, the total surface area of 
the cube has measure 6 x 4r^ = 24r^. it seems clear that the area 
of the sphere is less than the surface area of this cube which 
encloses it. 
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Thus, 

A„ < 24r^ 
s 

v/here A represents the area of the sphere of radius r, 
s 

Look novf at the siirface of the enclosed cube. V/e showed 
earlier that the square of its edge e was 

2 4 2 
e = ^ r . 

But e is just the measure of- the area of each face of the inner 
cube. Then the surface area of this enclosed cube is 

6 X I r^ = 8 r^. 

Since the surface area of the sphere is greater than the surface 
area of this cube v/hich lies entirely inside the sphere, we have 

8r2<A3. 

From these two inequalities we can v/rite 

8r^ < A < 2i!-r^. 
s 

Here, as in the case of the volune of the sphere, we do not have 
limits which are very close together, but they dc? give a very rough 
idea of the area and the method suggests how to go about getting a 
better approximation to the surface area. You v\rill prove in one of 
your later courses that: 

The area of the siirface of a sphere is %r 



square units of area , where r i£ the measure of 
the radius of the £ 
surface area, then 



the radius of the sphere . If A^ represents the 



A = krv^ . 
s 

Note that k = kyrv is approximately A^ = 12,5 r which is 

s p p s 

within the range Br to 2^^r v/e foTond eaiv.ier for A^. 



262 



[sec. 12-5] 



537 



V/e may think of this surface area in comparison to the area 
enclosed by a great circle of the sphere. A great circle of the 
sphere ;vill have radius r and hence an area of irr^ square units. 
Thus, 

= 4 X TTr or, 

(-surface areal ^ h ^ ( area of one of its 1 
I of a sphere J ^ I great circles J • 

If the radius of a sphere is measured in inches, its surface area 
is measured in square inches. 

Sphei?i.cal Soap Bubbles 

Let us now develop ideas which will assist us in discussing 
the soap bubble. Suppose, first, we consider a sphere of radius 
2 units. Then our formulas give us 

Ag = 47r.2^ = IGtt and = ^^2^ = ^ir 

for" the area and volume of the sphere respectively. Suppose v;e 
have a cube v;ith the same volume as this sphere. Hov/ v;ould the 
area of the cube compare v/ith that of the sphere? The volume of 
the sphere is a little more than 32, since tt is a little more 
than 3. Hence, if e is the number of units in the edge of the 
cube, then e must be a little greater than 32, cince e^ is 
the volimie of the cube. As a result, e is a little larger than 
3. In other words, the length of the edge of the cube having the 
.same volume as the sphere will be a little more than 3 units. 
Since the cube has six faces, A = 6e^. Hence its area v;ill" be 
greater than 6*3 = 5^. This nijunber is certainly greater than 
l&ir, the surface area of the sphere. If v;e had done this v/ork 
more accurately, the areas would be found to be: 

A^ % 50.26, % 62.48, 

s c 

v/hich reveals a somev/hat greater discrepancy. 
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Suppose we try another example and consider the sphere of 
radius. 5 units. Then our formulas give us 

Ag = 47r-5^ = IOOtt and = ^^5^ = . 

Here V is about 527 and so, for a cube of the same volume, . 
s 

V ^ 527. Hence e^ % 527> so that e is a little more than 8 
c 

q 2 
since 8 = 512. Accordingly, A. is a little more than 6-8 = 

c 

384. In this example, A„ ^ 314.16 and A^ ^ 384. Again the area 

s c 

of the sphere is decidedly less than the area of the cube of equal, 
volume. These are two examples of the following fact: 

If a sphere and a cube have equsfl volumes, the 
surface area of the sphere is the smaller. 

In fact, a stronger statement is true: 

If any solid has the same voliome as a sphere, 
the surface area of the sphere is less than 
or equal to the surface area of the solid. 

Now to our soap bubble! The soap film has a certain elas- 
ticity to it. This elasticity "pulls in" the film as much as 
possible. A given voli;ime of air is trapped inside the bubble. 
Hence the physical property requires the surface to have as small 
an area as possible for the given voltime. As stated in the pre- 
ceding paragraph this area will be least when the surface is a 
sphere. This is why soap bubbles are spherical -in shape. 



Exercises 12-5 

For each sphere whose radius is given below, find the volume 

22 

of the corresponding spherical solid. Use -y- as the approxi- 
mation for TT. 

(a) r = 3 inches (e) r = 5.6 inches 

(b) r = 10 feet (f) r = 6.6 inches 

(c) r = 4 yards (g) r = 8.4 mm. 

(d) r = 6 cm. . (h) r = 4.2 feet 
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In Problems 2, 3, 5, and 6 use 3.l4 as the approximation for tt. 

2. For the various spheres of Problem 1 find the surface area. 

•3. An oil tank Is In the shape of a sphere whose diameter Is 50 
feet. The tank rests on a concrete slab. 

(a) If paint costs $6 per gallon and a gallon covers 400 
square feet, find the cost of the paint for the surface. 

(b) If oil costs 13 cents per gallon find the value of the 
oil In the tank. Assume that the tank Is full. 

(1 cu. ft. % 7-| gallons) 

4. Suppose yoxzr mother has a bowl In the shape of a hemisphere of 
radius 8 Inches. She borrows a bov/lful of sugar and wishes 
to pay for the sugar rather than retxirn It. Assume that sugar 
costs 10 cents per povind .and that 1 pound occupies 32 
cubic Inches. Use tt % 3. Hov/ much does your mother pay? 

5. A mapmaker wishes to produce 100 globes made of plastic 
sheeting. The diameter of each globe is to be l8 inches. 
Find the cost of the globes if the plastic costs 50 cents 
per square foot. 

6. A spherical balloon has a diameter of 4o fee.t. How much gas 
v/ill it hold v/hen all the air has been pushed out? 

7. /O If the radius of a sphere is doubled what effect does 

this have on the voliame? On the surface area? 

(b) If the radius of a sphere is tripled what effect does 
this have on the voli;ime? On the surface area? 

*8. Two spheres have radii in the ratio ^. 

(a) Find the ratio of their volumes. 

(b) Find the ratio of their soirface areas. 
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12-6. Finding Lengchs of Smgll Circles 

How would we find the length of a circle of latitude? tn this 
section :/e will shov; how this may be done using values of cosines 
of angles. First draw a plcbui'e ol the earth. Call N the North 
Po'^e, C the center of the earth, P some point on the surface of 
che earth and E the point directly 
•south of P on the equator. The 
figure shows the great circle through 
P and E. Then the measure In 
degrees of the angle PCE is the 
latitude of point P. Let A be 
chosen so that PAC Is a right 
angle and choose B on the axis of 
the earth so that PBC is a right 
angle. Then PBC A is a rectangle 
and hence PB is congruent to C7f/ 
that is, the lengths PB and CA are equal. But ~ is equal to 
the cosine of angle PCA. Thus if L° is the latitude of P, we 
have 

CA T-o 

— r = COS L . 

CP 

The equator is the great circle shown in the diagram as being in a 
plane perpendicular to the paper and passing through E. The 
radius of the circle is CE. Call e the length of this great 
circle. Hence, the length of the equator is 27r(CE) = 27r(CP), or 

e = 27r(CP) . 

Why is CP = CE? The circle of latitude at P has center at B, 
has radius BP and has its plane perpendicular to NC. Denote the 
measure of the length of the circle of latitude by p. Hence 

p = 27r(BP) = 27r(CA). 

Accordingly, 

^o CA 2Tr (CA) p 

cos L = ^ = ^j^pj = e . 
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V/hat property Justifies the second equality in the last line? 
Since cos = |-, it follows that p = e cos L°. 

The length of the equator is about 25,000 miles. This gives 

p ^ 25,000 cos L^, 

where L° is the latitude of the point P. If the latitude of a 
point is known, the length of the small circle through the point 
can be found by using values of the cosines of various angles given 
in the table of Chapter 9. 

Example . The latitude of a certain city is 35°. Find the 
approximate length of the small circle through the city. The 
length of the small circle is about 25,000(cos 35°) miles, that 
is 25,000(0.8192) miles, which is 20,i|-8o miles. 

Exercises 12-6 

1. Find to the nearest ten miles the length of the circle of lati- 
tude which passes through the point with latitude given below. 

(a) 15° (b) 75° . (c) 45° 

' 2. City A has longitude 15°E. and city B has -longitude 

25°E. The cities are on the same parallel of latitude, 30°N, 

(a) Find the length of the 
circle of latitude on 
which the cities lie. 

(b) The diagram represents 
the circle of latitude. 
Find the length of the 
semicircle OBC. 

(c) Find the difference 
between the longitudes 
of A and B, 

(d) Length of arc ~ AB is 

? (fractional part) of 
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(e) Find the length of AB. 

(f ) An airplane travels close to the sxzrface of the earth and 
follov/s the parallel of latitude from A to B. If it 
travels 400 m.p.h., hov; long does it take for the 
Joxirney? 

3. Hovj far is it between meridian lO^W. and 70^W. at latitude 
40^N. along the parallel of latitude? 

By sxan-tline is meant the time as deteiroined by the position of 
the sun. Standard time zones should not enter into this 
problem. 

(a) If sun-time is 7:00 a.m. at meridian lO^V/., find the 
sun-rtlme at 70^V/. 

(b) If sun-time is 7:00 a.m. at meridian 70^V/., find the 



*5. Cities A and B both have the latitude' 4o^N. and are in 
the same time zone, that is, a person does not change his 
watch in going from one to the other. The s\m rises exactly 
one hour later at A than at B. How far apart are the 
cities and which direction is A from B? 

6. OPTIONAL. In section 12-5 we performed some computations to 

help us detemiine the voliame of a sphere. These computations 

gave us only approximate results. It was stated that the 

4 3 

correct formula for the voliame of a sphere is V = irr . 
It was also stated that we would not attempt to prove this 
formula at this time. Later, in more advanced courses in 
mathematics, you v;ill learn to prove that the formula given is 
correct. 

Try the following experiment to verify that the formula 
for the voliame of a sphere is correct. All measuring for this 
experiment must be carefully done. 

OBJECTIVE: To verify that the formula for the voliame of a sphere 



sun-time at lO^E. 
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MATERIALS: (a) A sphere (a Softball will do nicely) 

(b) A container (one having an Interior shaped In the 
form of a rectangular solid, such as a half -gallon, 
paper milk carton with top cut off) 

(c) A ruler (graduated In l6ths of an Inch or In 
tenths of a centimeter) 

(d) A container with about one quart of water. 

DIRECTIONS: 

(1) Measxrre the diameter as 
shown at the right. Com- 
pute the radius of the 
sphere . 

(2) Measure the length and 
width of the Interior of 
the container. Partially 
fill the container with 
water. Mark the water 
level carefully. Immerse 
the sphere In the water so 
that It Is completely 
covered with water. Care- 
fully mark the new water 
level. Find the measure of 
the distance the water 
level was raised, 

(3) Find the product of the 

measures of the following: 
.^he length of the Interior 

of Che container; the v/ldth of the Interior of the con- 
tainer; the distance the water level was raised. 

(^) Is the answer to (3) the volume of the sphere? Explain 
why, or why not. 
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Compute the value of r , using the radius of the sphere. 

3 

Is r less than the volume of the sphere? 

3 

Find the product of tt and r . Is this answer less 
than the volume of the sphere? 

Divide the answer for (3) "by the answer for (6), If you 
did all of yoxzr v/ork carefully, you should obtain an 

answer approximately equal to li or 1.3. Did you? 

1 k 
Hov/ does 1-x- or 1,3 compare ;vith •35-? 



270 

[sec. 12-6] 



Chapter 13 
WHAT N0B0D5f KNOWS ABOUT P/IATHEMATICS 

13-1. Introduction 

With daily articles and newspaper reports about rockets, 
weather satellites, and radio telescopes, to say nothing of new 
antibiotics and space medicine, everyone is keenly aware of the 
active work and the many unsolved problems in different brancnes of 
science. Many people, however, have the curious idea that mathe- 
matics is a dead and completed subject that was embalmed 
between the covers of a textbook sometime after Sir Isaac Newton. 
Actually mathematics is as active as any of the fields just 
mentioned and has a wide variety of challenging problems not 
yet solved. 

Not only the amount of new mathematics but the number of 
kinds of mathematics is increasing at breathtaking speed. At the 
close of this chapter is reproduced the subject classification for 
the Mathematical Reviews, a publication which contains brief 
summaries of mathematical research and runs to over 1000 double- 
column pages a year. There are 436 topics in the list, which is 
more than four times the number of topics in the previous classi- 
fication in 195^. Most of these names are unfamiliar to you. You 
may associate new mathematics with computing, an important new 
branch of the subject; but you will notice that "Computing 
Machines" under "Numerical Analysis" occupies only a small portion 
of the list. 

Some of the topics have familiar names, like geometry and 
algt;ora, but you will find few familiar names under these headings. 
A person who graduates from college or even who has a Ph.D. degree 
in mathematics cannot hope to have any very deep knowledge of more 
than a few of the topics there listed. Most of the applications 
of mathematics are not even considered in this list but appear in 
other journals. 
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In this chapter you will become acquainted with a very few 
selected unsolved 'problems in mathematics. These are, of course, 
not really typical of unsolved problems since we must choose ones 
which will have some meaning to you and in which we can make a 
little progress. But even most of the results we state are found 
by much more advanced methods than you know; how the problems will 
finally be solved, or whether they will be solved, no one knows. 



13-2. jft Conjecture About Primes 

In this section and the following, some problems having to do 
with prime numbers are considered. The mathematician is chiefly 
interested in these for himself, but you may be surprised to know 
that even here there are applications. Some of the properties of . 
prime numbers are used, for instance, in checking the accuracy of = 
programs set up on computers. Such properties are also used to 
find sequences of so-called "random digits." Roughly speaking, a 
sequence of random digits is a sequence of numbers between 0 and 
9, inclusive, in which there is no pattern. A repeating decimal, 
for instance, would have a definite "pattern" but there would seem 
to be no pattern in the decimal for 

You have worked with prime nmnbers before. You remember that 
a prime number is a counting niimber greater than 1 which has no 
factors except itself and 1. Very likely you have used a method 
called the Sieve of Eratosthenes to find the prime numbers up to 
one hundred. At the end of this chapter you will find a list of 
prime numbers up to 1000, Most university libraries contain a list 
by D.N. Lehmer of primes up to ten million. ("List of Prime 
Numbers from 1 to 10,006,72l" by D,N. Lehmer, Carnegie Institution 
of Washington, 1914,) 

The prime numbers have many interesting properties. One 
important one v;hich you have used frequently is that every counting 
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niimber except 1 is either a prime mimber or can be written as' a 
product of prime factors in only one way except for the order of 
the factors. For example, 38 = 2 x 19 and 75 = 3 x 5 x 5. 
For instance, no matter how you may write 75 as a product of 
primes, there will be two 5's and one 3. You use the method of 
factoring a number into prime factors almost every time you express 
a fraction in simplest terms. One may ask what numbers we can 
obtain by adding primes. It is easy to show that all counting 
numbers above 1 can be obtained by adding primes. To show this, 
suppose first that n is any even number. Then n = 2k, where k 
is some counting nvunber. (Why?) But then n = 2 + 2+ ... + 2 
where 2 occurs k times in the sum and since 2 is a prime this 
shows every even number is a sum of primes. Suppose now that n 
is any odd number greater than 1. in this case, what kind of a 
number is n - 3? Is it either 0 or an even counting number? 
Why? If n - 3 is 0 then n = 3 which is already a prime, 
while, if n - 3 is an even counting number then n - 3 = 2k and 
n=3+2+2+ ... +2, 

where "2" occurs in the sum k times. Thus every counting number 
is a SLun of primes. In fact, we have shown that we can do this 
using no primes except 2 and 3. 

Suppose now we ask a harder question. What counting numbers 
can be obtained as a sum of exactly two primes? Since the smallest 
prime is 2, the smallest number that is a sum of Just two primes 
must be 4, because 4=2+2. Can we express any counting number 
4 or above as a sum of exactly two primes? Try the numbers from 4 
to 20. Did you find any that you could not write as a sum of two 
primes? How many? Which ones were they? Were they all odd numbers? 

Can you think of a reason why it is harder to express an odd 
number as a sum of two primes than an even number? perhaps the 
following observations will help, in the sequence of primes the 
only even number is 2. Why is this? Now if the sum of two 
counting numbers is an odd number, what can you tay about the. 
two numbers? Is it true that one of them must be even and the 
other odd? Then if an odd number is to be a sum of two primes, 
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one of the primes is even and thus must be equal to 2. Thus the 
only possible way of writing 11 would be 2+9. But unfortu- 
nately 9 is not a prime, and hence 11 cannot be expressed at all 
as a sum of two' primes. 

Since we have seen that we do not get all odd numbers as a 
sum of two primes, let us concentrate just on the even numbers. 
Let us ask what even numbers greater than or equal to 4 can be 
expressed as a sum of two primes. As an experiment try completing 
the table below for the even numbers from 4 to 26. 

4=2+2 10 = .16 = 22 = 

6=3+3 12 = l8 = 24 = * 

8=3+5 l4 = 20 = 26 = 

Were you able to complete the table and express each of these as a 
sum of two primes? Incidentally how many of the numbers could be 
v;ritten in more than one way as a sum of two primes? The smallest 
such number is 10, for 10 =5 +5=3+7. 

Exercises l3-2a 

1. Continue the above table of the even numbers up to 100. 
Were you able to express each of them as a sum of tvio primes? 

2. For the even numbers from 4 to 50 find the number of v/ays 
in which each can be v;ritten as a sum of two primes. 
Tabulate the results as follows: 
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Even Number 

4 

6 

8 
10 
12 
14 
16 
18 
20 
22 
24 
26 



Number of vjays 



1 

1 
1 
2 
1 
2 



Even Number 

28 

30 

32 

34 

36 

38 
40 
42 
44 
46 
4t 

:.:o 



Ni ; .iber of Way s 



On the basis of your experience here would you haz.ard a guess 
as to the Possibility of expressing all even numbers above 4 as 
a sum of two primes? Specifically what would be your guess about 
the truth of the following conjecture? (A conjecture is just an 
educated guess.) 

•'Every even number greater than or equal to 4 can be 
v/ritten as a sum of two primes," 
• If you think this is probably true you are in good company. 
This statement is known as the Goldbach Conjecture . Goldbach 
suggested it in a letter to the great mathematician Euler, asking 
whether Euler could prove it. Euler was unable to prove it and, 
since his time, many mathematicians have worked on this problem! 
However, up to the present no one knows whether the statement is 
true or false. It is' part of the mathematics that; no one knows. 

Some progress has been made, however. In 19:36, the Russian 
mathematician, Vinogradov, showed that every odd number beyond a 
certain number can be expressed as a sum of three ; primes. Why do 
we say this is getting close to the Goldbach conjecture? Because 
if the Goldbach conjecture is true, then Vinogradov's Theorem is an 
easy consequence. The proof vjould go like this. 

Let us suppose that Goldbach 's conjecture j.s true. Also let 
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n b€* any odd counting number greater than 5. What can you say 
about the niunber n - jV Is it even or odd? Is it greater than 
2? Aocordlns to Goldbach's conjecture what can you conclude about 
n - 3? If n - 3 = (sum of two primes), then n = 3 + (sum of two 
primes) . ThusPh. Is the sum c^: 'low many primes? This Is 
Vlnogra'dov's Theorem. 

Bec^ause this thee - i Goldbach^s conjecture are so closely 
related, many mathemat.. .3 thought Vinogradov was on the right 
track, rt Is not unlikely that some day he will solve the . 
Goldbach .problem. 

You iT.tay wonder how one might go about trying to prove some- 
t'liing like Gold'oach^s conjecture. It Is not enough just to test 
It In a lar'ge number of cases, say with a computer, because there 
are an Infinite number of even numbers to test, and we cannot 
possibly test all of them. We need a general law ajS^Dlyln^ to all 
even numbers above 2 showing that they can be written as a sum 
of two primes^. If you find such a lav;, or if you can find an even 
number that is not the stjjti of two primes, your name will appear in 
headlines in 'bhe mathematical v/orld. 



13-3. Distribution Of Primes 

Look at the^ list of prime numbers at the end of this chapter. 
This list has so*me interesting properties. For Instance, we have 
already noticed t.hat 2 is the only even prime number. This means 
that once we are beyond 2 all the prime numbers are odd. Thus 
the difference bet;we62n any tv;o consecutive prime numbers of the 
sequence is alv^ay.s even. (V/hy?) Find a pair of consecutive primes 
v/hose difference i.s Do the same for each of the differences 

2y C, 8, 10, 12, iH. Is there a difference larger than 14 in the 
part of the sequenc^e from 2 to 307? As a matter of fact, if 
you examine the sequence of primes as far as 500, there" I still 
no gap greater than l4. On the basis of this evidence you. might 
guess that there are no gaps greater than a certain number, perhaps 
14. 
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This conjecture, hvvuver, is false, in fact as far back as 
about 300 B.C., Euclid proved that there are gaps as large as 
we please in the sequence of primes. For Instance, let N be 
the result of multiplying^ all the counting numbers from 2 to 101. 

N = 2 . 3 ■ 4 . 5 . 6 ... 101 . 
You had better not take time to multiply out his product, since 
if you express N in the usual decimal notation, it would be a 
numeral of about 160 dibits!! 

The number N is divisible by each counting number from 2 
to 101, since N has each of those numbers as factors. Now 
look at the numbe N + 2. We can always write 

N = 2 • (3 • 4 • ... • 101)'= 2S, 
where s stands for the product of all the factors of N except 2. 
Then, N + 2 = 2S + 2 = 2(3 + l) , 

where the last ■ statement is obtained by using the dist.'lbutive 
property. Then N + 2 is divisible by 2 and therefore is not a 
prime. 

NOW consider the nujnber N + 3. By use of the commutative 
and associative properties we can write 

N = 3(2 • 4 • 5 • 6 ... 101)- = 3T 
where t stands for the number m the parenthesis. Thus 

N -f- 3 = 3T + 3 = 3(T + 1). 
Here again we have used the distributive property. This shows 
that N + 3 has a factor 3 and so is not prime, m the same way 
v^e may show that N + 4 has a factor N -i- 5 a factor 5, and 
so on, until N -h 101 has a factor of 101. Thus none of the 
hundred numbers 

N + 2, N -I- 3, N + 4, . . ., N + lOl 
is prime so there is a gap of at least 100 between successive 
primes. It should be clear h, w this raethod can be used to show 
that there are gaps as large as vie wish. 

Now that we have looked for le.rge gaps, let us consider snail 
ones. What is the shortest possible gap between two primes 
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Greater than 2? T;-/o odd primes whose dlfrerence Is 2 are called 
twin primes , or simply twins. A prime which belongs to such a 
pair is called a twin . ?o get an idea of how frequently twin 
primes occur, examine the foil ov/ing table comparing the number of 
twins less than some number n with the total number of primes 
less than n. . 





number 


of 


number of 


number of 


— 

twins < n 


n 


primes 


< n 


twins < n 


number of 


primes < n 


20 


8 




7 


7 


« .88 


40 
50 


12 

11 




o 

12- 


12 

]7 


= .75 
w .71 


80 
100 


22 
25 




15 
15 


15 

15 

25 


w .68 



Verify this table by checking it with your l:^st of pr.^.mv.^.. 
Does the table seem to indicate that t^e U; ..ns are becomin^^ rartr 
in comparison with the number of primes? Test this conjv-cture 
further by completing the table in Problem 1 of the exerci^.r.s 
belov7. On the basis of this evidence, would you co.n;Jf'-.';a-e that 
the twins are rare in comparison wity» the nurjb'^r of prime?iv A3 a 
matter of fact, it is known that in a ceirtain sense the twinb do 
become rare as v;e continue the sequence of primes, although we wi}l 
not try to pursue this topic in detail heje. How rare do tii-vy 
become? For example, Jo they stop altogether after a ctlrta-!.n p^.^nt? 
Here again we come to some of tho mathematl s nobody knc%-s . The 
ansv/er to this question is not yet known. 

As you have seen, many q- estions and conjectures suggest 
themselves v;ith respect to the counting numbers and a substantial 
number of these have not yet been settled. The branch of 
mathematics dealing v;ith these subjects is called Number T^-eoiT^ 
If you wish to go more deeply into this you may read the tvo 
booklets on this subject, called "Essays on Number Theo-y," 
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Study Gu.de m Number Theory" published by SMSG 

A few other ideas and conjectures in the aria of Nunher 
Theorj^ are suggested in the exercises belov; 



E^cercises i3-3a 
Complete the table below. 



,n 


n-Lunber ox" 
primes < n 


100 


25 


200 


46 


300 


62 


^00 


78 


500 


95 


oOO 




700 




800 




900 




1000 1 






Pre.., row ..e ta.U P..,:^™ , ealcu.ate t.e pro.„ct 
the n™.e.s i„ the ut and 3.. eol„.ns aiviaea h. the 

:alo.:ete ligM ^ ^^^^^^ ^^^^ ^^^^Ksgi ^ 



you c'c 



and so on. Do your results suggest a conjecture? 
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Complete the following table s..-jv^ing the number of primes 
between successive perfect squares. 



Interval 



Number of Primes 



1-4 . .-^ 2 

4-9 ' 2 

9-16 2 
16 - 25 
25 36 
36 - 49 ■ 
continue this to 
225 - 256 

'""^ ■ .For example, there are 2 prin^.es between 9 and 16 
(what are ~they?), so we have written a 2 in the third row 
of the second coll;mn,>^ Does this table suggest a conjecture 
to you? Actually it is -not known whether there is always one 
prime between any two consecutive -squares . Here again is a 
bit of the mathematics nobody knoivs . 

You may classify the odd prime numbers'-according to their 
remainders when they are divided by 4. 'i:or example, 
5, 13, 17 have remainders of 1 while 3;, 7, H have | 
remainders of 3. If the remainder is 1, t.he number can be 
written in the form 4k -1- 1 for some k. If the remaihde- 
is 3, it can be v/ritten in the form 4k + 3. List y9u: 
results by completing the following table. - / 
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n 


number of primes of 
form 4k + 1 which 
are less than n 


number of primes of 
form 4k + 3 which 
dx c ± es s Lnan n 


10 


1 


2 


on 


3 


4 


30 




c 


'iO 






50 






60 






70 






80 






90 






100 







V/hat conjecture does this table suggest to you? Test 
your conjecture by continuing the table to 200. Does this 
prove the conjecture is true? 

If you examine the list of primes you will notice a case in 
which three consecutive odd numbers are primes. What are the 
primes? .Do you find any other example of this? Would you 
guess that this never happens again? Try to show that this 
conjecture is cori-ect by showing that for three consecutive 
odd numbers one of them is always divisible by 3. The 
number divisible by 3 cannot be prime except when it equals 
3. Thus three consecutive odd primes occur only in the case 
3, 5> 7f v/hich ias already been found. 



231 

[sec. 13-3] 



556 



13-4. Problems on Spheres 

Let us now turn to a problem in a different field. Everyone 
who has ever held a bag under the nozzle of a coffee grinding 
machine at the store knows that when the grinding is finished 
the bag seems very full, but that on shaking it the coffee 
grounds settle considerably. The vibration causes the particles 
of coffee to pack together more closely and hence to fill less 
volume. This experience suggests the following packing problem, 
v;hich has several important applications. Suppose you have a 
large number of perfectly spherical marbles which you propose to 
pack into a barrel. How should you pack the marbles so that you 
get in as many as possible? V/e imagine here that the barrel is 
so large in comparison to the marbles that its exact dimensions 
do not matter and we are really Just asking, "How do you pack the 
marbles so you have the greatest number of marbles per cubic foot? 

Perhaps we should begin with the corresponding plane problem. 
If you have a number of identical circular disks, say pennies, 
how do you arrange them on the plane without overlapping so as to 
get ss many as possible in a given large plane region, say a 
large rectangle? For convenience, suppose the diameter of the 
pennies is taken as a unit of distance. 

One way of arranging the pennies would be as shown below. 




in which each penny except those on the edge touches I'our others. 
This really amounts to thinking of each circle as inscribed in a 



the squares together sc that their interiors fill out the plane 



square one unit on a side, like this 




and then fitting 



% 
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region , 




What Is the area of the interior of each square? What is the area 
of each disk? Show that the ratio of the area of the disk to that 
of the square is Show that this is approximately .785, so that 

each disk covers about 78. 5 of the corresponding square region. 
Since squares fit together without overlap to cover the plane, this 
means that the disks in this arrangement cover about 78. 5 5^ of the 
plane region, or about 21. 5?^ is left uncovered. 

Can- you think of a better way of fitting the pennies together? 
Probably the following arrangement has already occurred to you as 
a good possibility. 



In this arrangement each inner disk touches how many others? it 
is as though each disk had been inscribed in a regular hexagon and 
the hexagons fitted together as shown by the dotted lines in the 
following figure. 



Each of the hexagons may be thought of as made up of six 
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equilateral triangles as In the flgvire below. The altitude of 
each s\;ch trlancle has a length equal to the radius which Is ^. 
Show that the Interior of each hexagon has an area of ^ square 
units. (The length of a side opposite a 30^ angle In a right 
triangle is equal to the length of the side adjacent to the angle, 
divided by ^3.) 




Since the area of the disk Is ^, the ratio of the area of the 

IT 

disk to that of the interior of the hexacon is TjT'^— = 

^ X it = -i^ = JL^ . = . Show that this is approxl- 

2 

mately .907. This shows that the disk -overs 90.7% of the 
hexacon. Since we have observed that hexagons fit together to 
cover a plane region without overlapping, in this arrangement some 
90.77o of the plane region is covered by disks. This is far better 
than our previous arrangement. 

Can you think of other arrangements of the pennies which 
might be better than this? Actually the arrangement above can be 
shown to be the best one, though v;e will not try to give a proof 
of this fact. 

Nov; let us return to the problem of packing the marbles in 
the barrel. Do you have a conjecture about the best way to pack 
them? Experiment with some marbles before you go. on and see if 
you can make a conjecture as to the most efficient packing. 

One possible procedure would be to start by putting a layer of 
marbles v/ith their centers all in a plane parallel to the bottom-- 
that is, a layer on the bottom of the box or barrel or whatever we 
are filling, p'rom the top, they will look Just like a covering of 
a plane region with circles, and in the light of our discussion 
about circles it seems that v;e should arrange our spheres in the 
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same way, aa shown below. 



Now It seems plausible that we should try to make a second layer 
of marbles. Do you think it would be a good idea to place this 
layer of marbles such that each marble is directly above one in 
the first layer? No, it appears that we would get a better packing 
by trying to place the marbles of the second layer over the 
"pockets" or "holes" in the first layer. Actually there Is not 
room to put a marble above each hole, but we can place a layer 
-bove half of the holes, say those shaded in the figure above. 
Then a third layer can be placed on the second, covering half of 
the "holes" of the second layer. This can be done in two ways, 
depending on which set of "holes" we choose to fill. The spheres 
of the third layer may be exactly above those of the first or may 
be abovo the unshaded "holes" of the first layer. 

This seems to be a reasonable conjecture about the best possi- 
ble packing. It can be shown that for this method of packing the 
ratio of the volume of the marbles to that of the region is 

3 V2 ~ 0-7^05, so this packing fills aboub 74% of the space 
with spheres . No one knows whether or not .this i? really the 
best packing. The best result known so far was obtained by a 
British mathematician, Rankin, in 1.9^7, who showed that there is no- 
packing in which the spheres fill more than 82.8% of the volv.it 
of space. 

If you feel certain that ^'ou know the correct answer to this 
problem, even if you cannot prove it, consider the problem of 
packing a mixture of marbles of different sizes, ror example, you 
may have some marbles with a diameter of two inches and others 
with a diameter of one inch. Suppose you want to pack a barrel 
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with three times as many one-Inch as two-Inch marbles. How do 
you Get In as many as possible? So far, nobody has even a good 
Idea as to hov/ to attack this problem. 

The problems v;e have just dealt v;lth are theoretical and the 
mauhematlclan is Interested in them for themselves, but there are 
applications here also. In Insulating material, one Ir. Interested 
in having airspace in the form of small "pockets" or air which are 
not large enough to permit circulation. One way to simplify such 
protler.i;^ is to consider the packing of small spheres betv/een two 
layers of hard material. Sometimes the surface area of the sphere 
must be taken into account, as well as the physical properties of 
the materials themselves. Similar problems occur in the design 
and testing of plastics. 

Exercises 13-^a 

1'. Take the diameter of a penny as a unit of length. Draw a 

square 8 units on a side (area 64 square units). Try to 
arrange pennies to fit as many as possible into the region. 
How .many did you get? Find the ratio of the total area of 
the circles to the total area of the region. Plow does this 
compare v/ith the theoretical result of 0.907 obtained above? 
Take a square region 14 units on a side (area = 196 square 
units) and try the experiment again. As the region gets 
larger the approximation to the theoretical result should 
Improve . 

2. Suppose a set of dislcs each have diameter 1 and v/e seek to 
pack as many as possible in a region whose area is 1000 
square units. Using the result that at most i>'0.7% of ^Jhe 
region can be covered, v/hat is the largest number of disks 
that could be fitted into the region? 
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3. Take a convenient box like a chalk box and a collection cf 
marbles all of the sar,ie size. See how many you can pack into 
the box. Count the number. Find the ratio of the total volume 
Of the marbles to the total volume of the box and compare it 
with the 0.74 figure noted above. 

4. vmen you use a packing of spheres such as was discussed in 
this section, each interior sphere in the packing touches 
how many other spheres? 



13-5 • A Problem on' Coloring Maps 

Suppose that we have a map and a box of crayons. We wish to 
color the map. m order to distinguish clearly the different 
countries, when two countries border each other 

along an arc like this, ' 
we shall color them differently. 



W2 



If they have a single boundary point m common, we allow them to 
have the saine color. 




In coloring a map we agree also to color the outside region; you 
can imagine this is the surrounding ocean if you wish. 

It is a reasonable question to ask how many different-colored 
crayons win be needed to color a map. What would be the smallest 
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number of colors needed for the Xollowing map? 




What about this map? 




Can 'olor the followlni^ map in less than four colors? 




iicw about this map? 




Why could you not cet along v/ith less than four colors here? 
Notice the inner countiy arid the three in a ring about it. Is it 
true that each of these countries has a boundary arc in common 
with each of the others? Could any two of them be colored the 
sjiir\e coloi'? Does this show why at least four colors are necessaiy 
Can you think of a map that requires five colors? Of course 
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if you could draw a map in which there were five countries, each 
of Which bordered all of the other four this would take five 
colors, just as the map above took four colors. Try to find such 
a map. Were you successful? Actually it is not too hard to guess 
that it is not possible to have five regions each bounding the 
other four. This does not show, however, that there are not some 
maps requiring five colors. Do you think there are maps needing 
five colors? 

In a sense your guess about the answer to this question is 
as good as anyone's, since the answer is not yet known. There is 
a legend (of very doubtful authenticity) that a mapmaker proposed 
this question about 100 . years ago to the British mathematician, 
Cayley. in any case, the map coloring problem is now one of the 
classic unsolved problems of mathematics. In I897 the British 
mathematician, Heawood, showed that any map can be colored in five 
colors, so that in any case no more than five colors are necessary. 
In 1941 the American mathematician. Franklin, proved that every 
map with less than 38 countries could be colored in four colors. 
So if you look for a map which really needs five colors it will 
have to be fairly complicated since it must have at least 38 
regions . 

There is one very interesting feature of the problem. If 
we consider any map, the number of colors needed clearly does 
not depend on the particular shape of the bounding arcs. In fact, 
if we think of the map as drawn on a rubber sheet, then the sheet 
may be stretched and twisted continuously in all possible ways 
without changing the coloring problem. Thus, for example, the 
two maps below may be considered the same since we can always 
distort one into the other. 
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This is what is meant by saying that the problem is a topological 
one. That iS;, the solution of the problem is unchanged by any 
continuous distortion of the figure. One convenient result of this 
is that we may always imagine that a map has been distorted in such 
a way that all the arcs have been made into unions of line segmenta 
This means that it is really enough to consider maps in which the 
regions are polygons (triangles, quadrilaterals, pentagons, and so 
on) as is done in most of the examples below. 

Exercises 13-5a 

1, Draw a polygonal map which is equivalent to each of the 

follov/ing — that is, into which each of the following can'-be 
distorted, 

(a) (b) 
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2. Color each of the following maps in as few colors as possible; 



(a) (b) 




3. Suppose we have two islands surrounded by ocean. One Island 

. is divided Into countries as shown In the figure for problem 

2a and the other as In the figure for problem 2b above. Colo 
this map In four colors. 

^. Suppose you have an ocean with two Islands, each divided 

Into countries, and suppose you know how to color each Island 
and the surrounding ocean in four colors . Show how you can 
color the combined map In four colors. 



An Interesting related question in map coloring is as follows. 
Suppose you have a given fixed number of colors in your crayon boXi. 
In how many different ways can you color a given map? Of course, 
if you don't have enou^ colors, the answer ±a zero. As an 
illustration look at th& map of the figure for problem 2a and 
suppose there are five colors in your box. The color schemes for 
this map are shown below where regions marked A, B, C, D . 
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must all be different colors, while the region marked X may be 
' any color except those used for B, C, and D, Why are these the 
only schemes? Notice^ that X may be the same color as A or it 
may be a color that has not been used at all before. 

In this scheme you have five choices for the color to use for 
the region marked A, Once you have chosen a color for A, how 
many choices do you have for a color for the region marked B? In 
how many different v/ays can you color the regions marked A and 
B? Clearly this is 5 X 4 = 20 ways. For example, if the five 
given colors are red, green, yellow, blue, and white, the twenty 
possible pairs of colors for regions markad A and B are: 



red-^reen 
green-red 
yellow-red 
blue-red 
white-red 



red-yellow 

green-yellow 

yellow-green 

blue-green 

white-green 



red-white 
green-white 
ye21ow-white 
blue -white 
white-blue 



red-blue 
green-blue 
yellow-blue 
blue-yellow 
white-yellovr 

If you are doubtful about this reasoning, look back at 
Chapter 7, where you did problems of this kind. For each of these 
5x4 choices of colors you still have 3 choices for a color 
for the region marked C and then 2 choices for a color for 
the region marked D, Finally, since region X can be any color 
except those used for B, C, D, there are 5-3 or 2 choices 
for a color for X, The total number of ways of colori>'\g map 
2(a) in at most five colors is thus 5 • 4 • 3 • 2 • 2 = 240 ways. 

The following problems, which are a continuation of Exercises 
13-5a, deal with the number of ways of coloring a map. 
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Exercises 13-5a (continued) 

(a) Show that the different possible color schemes for map 
2(b) can be described as f ollov/s : 




where regions marked A, B, C, D must be distinct 
colors: recion X may be taken as any color except 
those of B, C, D; and finally , region Y as any color 
other than the colors of A or B. 

(b) Show that the different possible color schemes for map 
2(c) can be described as follows: 







B 


D 


C 


A 







where colors for regions A, B, C, D must be distinct, 
but .X can then have any color except those of A, c/d. 
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(c) Show that the different possible color schemes for map 
2(cl) can be described as follows: 



A 


Y 


B 


C 


X 



where regions marked A, B, C, D must be different 
colors; X can be any color other than the colors of 
A, C, D; and finally, Y can be oho'Sjen as anything other 
than the colors of A, X, D. 

6. Use the results of- Problem 5 and the method shown above to 
verify and complete the following table showing the number 
of v/ays of coloring the different maps in n colors for 
certain values of n. 



n 


Map 2(a) 


Map 2(b) 


Map 2(c) 


Map 2(d) 


3 


0 


0 


0 




4 




48 


24 




5 


240 


720 




480 


6 


1080 


4320 







7. In map 2(a), if we have n colors to use, there are .n choices 
for a color for region A, then (n - l) choices of color for 
B, (n ~ 2) for C, (n - 3) for D and finally (n --3) 
for X, since X was any color except those of B, C, D. * The 
total number of ways of coloring 2(a) with n colors is there- 
fore n(n - l)(n - 2)(n - 3)^. Verify that this does give the 
correct results for n = 3, 4, 5j. 6 by comparing with 
Problem 6. 
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8. Use the method of the last problem to find formulas for 'the 
iiLunber of ways of coloring . each of the maps 2(b), 2(c), and 
2(d) in n colors. 

We noticed earlier that as far as the map coloring problem is 
concerned any map can be replaced by a polygonal map--that is, one 
in which all the boundaries are- unions of line segments. Thus, 
if every polygonal map can be colored in a certain number of 
colors, then every map can be colored with the same number of 
colors. V/e also mentioned that a mathematician named Heawood, 
actually proved that any polygonal map (.and thus any map) can be 
•colored in five colors. Now it is clear that to prove a result 
that applies to all maps it is necessary to know some properties 
that hold for all maps. VJhile we will not try to show Heawood's 
proof, it will be interesting to discover a general law about 
polygonal maps which was one of Heawood's main tools. This law 
applied to all polygonal maps without islands--that is, maps for 
which the boundaries make ..up one connected piece. For example 
the given figure has an island and is not considered. 




The property we are going to state v»^d discovered by Euler 
about 200 years ago. Actually, it was discovered a hundred years 
earlier by the great French mathematician Descartes (pronounced 
"day-cart"), but so few people read Descartes' work that when 
Euler discovered it again everyone thought it was new. Somewhat 
illogically Euler always gets credit for it, as it is called 
Euler 's formula. 

2-95 
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Look at Figure 2(a) of Exercises 13-5a. How many vertices do 
you see in this map? How many countries or regions are there? 
(Do not forget to count the outside region.) How many edges or 
segments are there in the boundary? Do your answers agree with 
the figures in the first column in the chart below? The letter;. 
V, E are used to stand for the numbers of vertices, of 
countries or regions, and of edges. 





Map 2(a) 


Map 2(b) 


Map 2(cf) 


Map 2(d) 


V 


6 








c 


5 








E 


9 









Exercrlses 13-5b 

1. Examine maps 2(b), 2(c) and 2(d) of Exercises 13-5a and 
complete the chart above. 

2. Make at least five polygonal maps without islands. Count the 
vertices, erlges, and regions and tabulate them in a table like 
the one above. 

3. Exainine the tables you have made and see if you can find a 
relation between V, C, E which holds for all the maps you 
have drawn. Can you make a conjecture as to a relation that 
holds for all polygonal maps without islands? 
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4. Make five more polygonal maps without Islands and test your 
"■ conjecture on these. . 

5. Con^rare your results with those of your classmates? What 
relation between V, C, E do- you conjecture to be true for 

~~-all maps of the kind dlsc\issed. 

Notice that the discussion above does not prove Euler's formula 
The proof would still have to be given, but it helps to have at 
least a good guess as to what Is to be proved. 

Ill Section 10-8, Euler's formula was discussed for simple 
surfaces. I^ere we used . P for the number of faces m place of 
C for the number of countries. The treatment In this chapter is' 
for use with plane polygonal paths, while In Chapter 10 we were 
studying surfaces, m many respects these topics are equivalent 



13-6. The Travelling Salesman 

The firs-: problems discussed In this chapter, r-amely those on 
prime numbers, could be classed as problems In pure Mathematics 
Yet we saw that the properties of prime numbers are often used In 
present-day applications to co..putlng. Also, the sphere-packing 
problem and the map-colcrlng problem are not without usefulness" 
and applications. 

In this section we consider a problem which sounds very prac- 
tical and is tremendously Important In application, it Is called 

the travelling salesman problem." Although It Is really not used 
by travelling salesmen, the essence of the problem can very easily 
be de_scrlbed In terms of salesmen who travel, and mathematicians 
have come to think of it under nam^ ^ ■, 

„ • ,, "^e. In actual applications, 

salesman could be replaced by "plane" and "city" by "base" • 
other replacements might be "truck" and "factory," respectively 

Let us suppose you are a travelling salesman with home office 
m a city A. It is your duty to make a monthly visit to customers 
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in cities B, C, D, and return to the home office. Your problem 
is to arrange .this trip as efficiently as possible--that is, to 
make the distance travelled as short as possible. On the face of 
it this is a very simple problem. Ml you need to do is look at 
ench of the possible routes, add up the distances and see which 
l:: shortest. Let us see how many routes there are. How many 
.:ihoices are there for the first stop after leaving home? Clearly 
3, since there are 3 cities to visit. Now that you have visited 
this first city, how many choices are there for the next stop? 
Can you find the total number of possible routes? You should find 
3 ' 2 • 1 = 6 routes to consider. In fact, we can write them dovm 
like this, listing in order the places visited. 

ABCDA ADCBA 
ABDCA ACD3A 
ACBDA ADBCA 

As a matter of fact the problem is not even as bad as this, for 
the two routes listed in each row are merely the same route in 
opposite directions and clearly have the same length; so it is 
only necessary to find the total lengths of three routes and pick 
the shortest one. Problem 1 in Exercises l3-6a is an example of 
this . 

But suppose your sales territory expands and you are assigned 
8 cities to visit. Now now many possible routes are there? A 
similar argument this time shows that there are 

8-7-6.5.4.3-2-1 routes or 40,320 possible routes. Even 
if you divide this by 2, since ynu actually have counted a route 
going both ways, there are still 20,l60 different routes to 
check, a formidable task. 

In 1954, Dantzig, Pulkerson, and Johnson considered the 
travelling salesman problem for a man based at Washington, D.C., 
who was to visit the 48 state capitals (Hawal . and Alaska hadn't 
yet been admitted). The number of possible routes is, of course, 
by the same reasoning ^— 

J-lS • 47 • ^6 • ; . . • 3 • 2 • 1. 
This is a number which, expressed in the usual base 10 notation 
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has 61 digits, a computational prob.lem that is beyond the 
capacity of even the best high speed computers. 

The reason for the difficulty is clear. In solving this 
problem there are a definite number of cases to consider, but the 
number is so large that it is hopeless to try to deal with the 
cases one by one except in the simplest situations. The method 
used by Dantzig, Pulkerson, and Johnson involved a great deal of 
work with high speed computors. A good general method for solving 
problems of this kind in a reasonable amount of time has not yet 
been found. 

Perhaps in working with this problem we should not be so 
ambitious. Maybe we should not insist on the very best result, 
but should look for a method with a high probability of coming 
close to the best answer. If you have any good ideas on the 
subject, there are certainly a lot of industries and government 
agencies who would be very interested. 

Problems of this kind are not only interesting in themselves, 
but a number of practical problems involving transportation, 
scheduling of factory operations, and designing communication ' 
networks lead to such questions. A few more examples are suggested 
in the problems below. A very readable book on somewhat similar 
problems is one by Williams called "The Cornpleat Strategyst." 
You might enjoy examining this. 
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Exerciser; 13-6 

1. This diagram is intended to show four cities. 

B 

• C 

A • 

•d 

Suppose the distances in miles between different pairs. of 
cities are d(AB) = 200, d(AC) = 300, d(AD) = 400, d(BC) = I50, 
d(BD) = 250, d(CD) = 180. Solve the travelling salesman 
problem for this case by finding the shortest route starting 
and ending at A, and passing through all the cities. 

2. In the travelling salesman problem, it ought to be more 
important to make the travelling time as short as possible 
rather than the actual distance. Moreover, because of plane 
or bus connections, the time required to get from A- to B 
may not be the same as from B to A. Suppose in Question 1 
the travelling times in hours are t(AB) = 3, t(BA) = 2, 
t(AC) = 4, t(CA) = 4, t(AD) = 3, t(DA) = 7. t(BC) = 1, 

t(CB) = 2, t(BD) = 2, t(DB) = 4, t(CD) = 3, t(DC) = 1. 
Find the route for the salesman which will take the least 
time . 

3. If there are 10 cities, how many routes begin and end at a 
given city? 

4. (a) In the square below, how many sets of three numbers can be 

chosen with no two from the same row or column? 



9 


3 


6 




8 


2 


5 


T 


1 



(b) Which one or ones of these choices gives the largest sum 
for the three numbers? 
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5. Solve the problem corresponding to Problem 4 for the square 
below. 



1 


9 


6 


14 


7 


15 


2 


10 


3 


11 


8 


16 


5 


13 


4 


12 



13-7. Applied Physical Problems 

Some of the most Interesting as well as some of the most 
Important of the unsolved mathematical problems are related to 
physical problems like propulsion of rockets, motion of airplanes, 
and behavior of electromagnetic waves, in order to really appreci- 
ate most of these problems in science and engineering you need to 
know some topics both in mathematics and science which you have 
not yet studied. However, perhaps we can give a brief hint at the 
meaning of one or two of these questions. 

For example, consider the basic problem of radar. We send out 
from one antenna an electromagnetic wave. This is reflected from 
some obstacle and the scattered wave is picked up on a receiving 
antenna; this produces a "blip" on the radar screen. 




Sending Antenna 



Receiving Antenna 
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If the shape oT the obstacle, here an airplane, is known, 
mathematicians have learned fairly well how to figure out what the 
scattered wave is like. Unfortunately, we do not knov/ how to 
examine the scattered wave and to decide what the obstacle was like. 
Thus, we cannot tell from the appearance of the "blip" on the 
screen what r,ort of an object produced it. You can see v;hy it 
would be very useful if we could do this. 

The problem is somewhat similar to the following one. 
Suppose you are standing by the seashore in a rather heavy fog. 
Somewhere out there in the fog is some object, perhaps a ship, but 
it is hidden by the fog. You pick up a big rock and throw it in 
the water creating waves. In a short time you see these waves 
coming back having been reflected off the unseen obstacle. You 
v7ould like to be able to look at those returning waves and decide 
whether the object out in the water is a rowboat, or a garbage 
scov/, or the Queen Mary. 



Other interesting problems are concerned with the effect of 
the flov; of air around a plane, and how to design a .plane with 
useful flying characteristics. 
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Still other examples of unsolved questions in applied 
mathematics are : 

1. Is the solar system stable—that is, will the planets 
indefinitely move around the sun in approximately 
their present orbits or will they ultimately disperse 
into space or come into the sun? Or, more modestly, what 
about orbiting satellites? 

2. Which species of animals will survive and which will die 
out? Can we develop a quantitative theory of biological 
evolution? 

3. How can we design a computer to do a specific job using 
the smallest possible number of components of given types? 
And can a process for ansv/ering this question be put in 
the form of a program of instructions for existing 
computers, so v/e could use present computers to design 
better ones? 

4. How does a given distribution of transportation facilities- 
-highways, railroads, airports, etc. --affect the growth 
and distribution of population and industry in the future? 



13-8. Conclusion 

In 1900 an international congress of mathematicians met in 
Paris. One of the greatest mathematicians of our century, a 
German, named David Hilbert (l860-19^2), gave a speech in which 
he listed 23 unsolved problems for which he considered the 
solutions to be most important for the progress of mathematics in 
the following century. Of course, during the last sixty years a 
large number of other major problems have been formulated. Still, 
one of the quickest ways even now for a young mathematician to make 
a reputation is to solve one of Hilbert «s problems. " Understanding 
many of these problems requires 'advanced mathematics, but one, for 
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example, concerns some readily understood properties of 'decimals. 
We know that any real member has a decimal representation. The 
number in particular has such a representation, 

= 1.41^2. . . , 

and we know now to calculate any number of digits in this 
expansion. We know that the decimal expansion doesn't end and 
is not periodic (See Chapter 6), but beyond that we know almost 
nothing about this number. For instance are there infinitely 
many I's or are there seven consecutive 7's? No one knows, and 
so far there seems to be no method of finding out. 

At present, about half of Hilbert's problems have been solved, 
and the century still has almost 40 years to go. Who will solve 
these problems of Hilbert, and the new problems that have come 
to light since Hilbert, and the problems that haven't been asked 
yet but will be? No one can say, of course, but it is quite 
probable that most of them will be solved by comparatively young 
people. Most of the great discoveries in mathematics have been 
made by people in their 20 's and early 30' s. If a person has 
mathematical talent it usually shows up early. The average age for 
getting the Ph.D in mathematics is lower than in almost any other 
field. So, in all probability the problems mentioned in this 
chapter will not be solved by old gray-bearded professors (or do 
professors have beards any more?),' but by youngsters not much 
older than you. 

But mathematics is not Just for those who make discoveries in 
the subject for the love of it. It is rapidly increasing In 
importance for such fields as medicine, biology, psychology, 
sociology, and economics, as well as in new fields of physical 
science. As machines take over many of the occupations of unskilled 
labor, the demand for trained personnel increases, and more and 
more such training is connected with mathematics. Purther.iiore, 
the American citizen who goee to the polls today must have a more 
extensive knowledge of mathematics than the American citizen of 
yesterday, so that he may be able to make the Important decisions 
required of him in a democracy such as ours. It is vital that he 
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must, on the one hand, recognize the' role and the Importance of 
scientists and mathematicians, but on the other hand ne must be 
knowledgeable enough to understand and assess, to a certain extent, 
their claims. 

So, whether or not you are among those who advance mathematics 
for its own sake and your love of it, or are able to apply it to 
other fields, or use it as a source of puzzle problems in your 
recreation, or through your knowledge be aware of its role in 
modern civilization, it will affect your life. And, who knows, 
you may affect mathematics! 
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List of Prime Numbers less than 1000 





0 


1 


2 


3 


4 


5 


6 


7 


8 


Q 


0 




2, 


3, 


5, 


7, 


11, 


13, 


17, 


18, 


23, 


1 


29, 


31, 


37, 


4l, 




47, 


53, 


59, 


61, 


67, 


2 


71, 


73, 


79, 


83, 


89, 


97, 


101, 


103, 


107, 


109, 


3 


113, 


127 , 


131, 


137, 


139, 


149, 


151, 


157, 


163, 


167, 


4 


173, 


179, 


181, 


191, 


193, 


197, 


199, 


211, 


223, 


227, 


5 


229, 


233, 


239, 


241, 


251, 


257, 


263, 


269, 


271, 


277, 


6 


281, 


283, 


293, 


307, 


311, • 


313, 


317, 


331, 


337, 


347,' 


7 


349, 


353, 


359, 


367, 


373, 


379, 


383, 


389, 


397, 


401, 


8 


409, 


4i9, 


421, 


431, 


433, 


439, 


443, 


449, 


457, 


46l, 


9 


463, 


467, 


479, 


m. 


491, 


499, 


503, 


509, 


521, 


523, 


10 


541, 


5^7, 


557, 


563, 


569, 


571, 


577, 


587, 


593, 


599, 


11 


601, 


607, 


613, 


617, 


619, 


631, 


641, 


643, 


647, 


653, 


12 


659, 


661, 


673, 


677, 


683, 


691, 


701, 


709, 


719, 


727, 


13 


733, 


739, 


743, 


751, 


757, 


761, 


769, 


773, 


787, 


797, 


14 


809, 


811, 


821, 


823, 


827, 


829, 


839, 


853, 


857, 


859, 


15 


863, 


877, 


881, 


883, 


887, 


907, 


911, 


919, 


929, 


937, 


16 


9^1, 


9^7, 


953, 


967, 


971, 


977, 


983, 


991, 


997/ 


1009. 



Explanation of table of primes: This table is arranged so that: 
it is easy to pick out, for instance, the 47th prime number. To 
do this, use the row with the number 4 at the left and 7 at the 
top. Then you see that the 47th prime number is 211, This also 
can be used the other way around. Since the number 691 occurs 
in the row labeled 12 and tue column labeled 5^ the number 691 is 
the 125th prime , 
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SUBJECT CLASSIFICATION* 



FOUNDATIONS, THEORY OF 
SETS, LOGIC 

1. Philosophy of mathematics 
and physics 

2. Foundations of mathematics, 
axiomatics 

3. Intuitionism 

4. Set theory 

5. Problem of the continuvun 

6. Transfinite nvimbers 

7. Relations 

8 . Syntax, semantics, formal 
methods in general, recur- 
sive functions 

9. Logical calculi, many- 
valued, modal 

10. Applications of logic 

ALGEBRA 

Universal Algebra, Miscellaneous 
Algebraic Systems 

Combinatorial Analysis 

Algebra : Elementary 

Linear Algebra 

1. Forms and transfonnations 

2. Matrices 

3. Inequalities for matrices 

4. Eigenvalues and eigen- 
vectors 

5. Multilinear forms, alter- 
nating forms, Grassmann 
algebra 

6. Linear equations, matrix 
inversion, determinants 

Polynomials 

1. Algebraic equations, 
roots 

2. Symmetric functions 

3 . Reducibility 

Partial Order, Lattices 

1. lattices 

2, Boolean rings and 
algebras 



Fields, Rings 

1 . Fields 

2. Finite fields 

3. Galois theory 

4. Valuations 

5. Rings 

6. Ideals 

Algebras 

1. Associative algebras 

2. Non-associative algebras 

3. Lie algebras 
Differential algebra 

Groups and Generalizations 

1. Group theoretic construc- 
tions, free groups, 
extensions 

2. Abellan groups 

3. Nilpotent and solvable 
groups 

4. Finite groups 

5. Ordered groups 

5. Matrix groups, represen- 
tation, characters 

7. Semigroups 

8. Other generalizations of, 
groups 

9. Applications 

Homological Algebra 



THEORY OF NUMBERS 

Theory of Numbers: General 

1. Elementary nxamber theory 

2. -Magic squares 

3. Congruences 

^. Diophantine equations 
15. Representation problems 

6. Divisibility and factor- 
ization 

7. Power residues and reci- 
procity laws 

8 . Forms 

9. Fer»mat«s last theorem 

10 . Number- theoretical 
functions 

11. p-adic numbers 



♦1958 Index of Mathematical Reviews . 
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Theory of Niombers: Analytic 

1. Analytic theory in number 
fields and fields of 
functions 

2. Analytic tools (zeta- 
function, L- functions, 
Dirichlet series) 

3. Distribution of primes 

4. ^ditive number theory, 
partitions 

5. Equidistribution, statis- 
tical number theory 

6. Irrationality and trans- 
cendence 

Algebraic Numbers 
1, Class fields 

Geometry of •Numbers, Dlophantine 
Approximations 

1. Dlophantine approximations 

2, Geometry of niombers 

ANALYSIS 

Functions of Real Variables 

1. One real variable 

2. Several variables 

3 . Calculus , mean -value 
theorems , inequalities 

4. Differentiation and 
tangents 

5. Non-differentiable func- 
tions; generalized deriva- 
tives 

6. Representation of func- 
tions by integrals 

7. Quasi-analytic functions 

Measure, Integration 

1. Measure theory 

2. Measure-preserving trans- 
formations , ergodic 
theorems 

3. Riemann integrals 

4. Stieltjes and Lebesgue 
integrals 

5. Den joy. Perron integrals 

6. Abstract integration 
theory, somas 

. Area, length 

Product integrals 
9. Abstract theory of 
probability 



Functions of Complex Variables 

1 . Foundations 

2. Quasi -conformal functions 

3. (Generalizations 

4. Power series 

5. Zeros , . , 

6 . Singularities 

7. Analytic continuation, 
overconvergence 

8. Cauchy integral 

9. Maximum principles, 
Schwarz lemma, Phragmen- 
Lindelof theorem 

10. Conformal mapping, 
general 

11. Conformal mapping, 
special problems 

12. Riemann surfaces and 
functions on them 

13. Entire functions 

14. Meromorphic functions 

15. Distribution of values, 
Nevanlinna theory 

16. Behavior on the boundary 

17. Univalent and p-valent 
functions 

18. Bounded functions, func- 
tions with positive real 
part, etc. 

19. Iteration 

20. Normal families 

21. Expansion in series of 
polynomials and special 
functions 

22. Con'cinued fractions 

23. Complex interpolation and 
approximation 

24. i'\inctions of several com- 
plex variables 

Harmonic Functions, Convex 
Functions 

1. Hairmonlc functions, 
potential theory 

2. Subharmonic functions 

3. Biharmonic and polyhar- 
monic functions 

4. Generalized potentials, 
capacity 

5 . Harmonic forms and 
integrals 

6. Convex functions 
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Special Functions 

1. Polynomlails as functions, 
orthogonaa polynomials 

2. Exponential and trigono- 
metric functions 

3. Elliptic functions and 
integrals, theta functions^ 
complex multiplications 

4. Automorphlc functions, 
modular functions 

5. Bessel functions 

6. Legendre functions, 
sphejrical harmonics 

7. Lame^ Mathleu functions 

8. Ifypergeometric functions 
and generalizations 

9. Functions defined by 
definite integrals, dif- 
ferential and integral 
equations, infinite 
series 

Sequences, Series, Summability 

1. Special sequences and 
series, moments 

2. Power and factorial 
series 

3. Dlrichlet series 

4. Operations on series and 
sequences 

5. Convergence and summabil- 
ity 

6. Tauberian theorems 

Approximations and Expansions 
, 1. Interpolation: general 
theory 

2. Approximations and expan- 
sions, general theory 

3. Orthogonal systems, 
expansions 

4 . Closure 

5. Degree of approximations, 
best approximation 

6. Asjrmptotic approximations 
and expansions 

Trigonometric Series and 
Integrals 

1. Trigonometric polynomials j 
Fourier series 

2. Trigonometric interpola- 
tion 



3. 

4. 

5. 
6. 

7. 
8. 
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Fourier coefficients, 
degree of approximation 
Convergence, summability 
Absolute convergence 
Double and multiple series 
Fourier integrals 
Almost periodic functions 



Integral Transforms 

1. Inversion formulas, self- 
reciprocal functions 

2. Laplace and Fourier 
transforms 

3. Other transforms, Hllbert, 
Mellin, Hankel 

Differential Equations: 
Ordinary 
1. Existence and uniqueness 
Approximation of solutions 
Asymptotic behavior of 
solutions 

Singularities of solutions 
Linear equations: second 
order 

Linear equations: other 
than second order 
Systems of linear equa- 
tions, matrix differen- 
tial equations 
Stability of solutions 
Periodicity, oscillations 
Boundary value problems, 
spectra, expansions in 
eigen- functions 
Dynamical systems, 
topological properties 
Special types 



2, 
3, 

4. 
5. 



8. 

9. 
10. 



11, 
12. 



Differential equations: Partial 

1. Existence uniqueness, 
stability 

2. i\3tal equations, Pfaff's 
problem 

3. Analytic and algebraic 
theory of systems of 
equations 

4. First order* equations 

5. Elliptic equations, 
boundary value problems 

6. Etjrperbolic equations, 
Oauchy problem 

7. Parabolic equations 
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8. Mixed equations 

9. Classification, charac- 
teristics 

10. Linear equations of 
higher order 

11. Non-linear equations, 
, special types 

12. Eigenvalues, eigen- 
functions 

13. Approximate methods 

Difference Equations, Functional 
Equations 

1. Finite differences and 
difference equations 

2. Generalizations 

3. Functional equations 

Integral and Integrodifferential 
Equations 

1. Linear integral equations 

2. Singular integral equa- 
tions 

3 . Integrodifferential 
equations 

4. Non-linear integral 
equations 

5. Special integral 
equations 

Calculus of Variations 

1. Theory in the large, 
topological methods 

2. Applications 

TOPOLOGICAL ALGEBRAIC STRUCTURES 
Topological LaJ:tices 

Topological Groups 

1 . Representations 

2. Groups from geometry 

3. Semigroups and other 
generalizations 

Lie Groups and Algebras 

1 . Liis groups , " ' IV 

2. Representations' 

3. Lie Algebras, Lie rings 

Topological Rings 

Topological Vector Spaces, 
Functional Analysis 



1. .Function spaces: general 

2. Topological vector spaces 

3. Ordered vector spaces 

4. Banach spaces 

5. Hilbert spaces 

6. Special function spaces 

7. Distributions 

8. Linear operators 

9. Groups and semi -groups 
ox linear operators 

10. Non-linear operators 

11. Rings of operators, group 
algebras, abstract topo- 
logical algebras and their 
representations 

12. Applications of functional 
analysis; analysis of dif- 
ferential and integral 
operators 

TOPOLOGY 

Topology : General 

1. Sets on a line atnd in 
Euclidean space 

2. Covering theorems 

3. Foundations, topological 
spaces, abstract theory, 
limits and generalized 
limits 

4. Metric and uniform spaces 

5. Topology of point sets, 
curves , continua 

6. Fixed point properties 

7. Topological dynamics 

8. Applications to analysis 

Topology: Algebraic 

1. Homology and cohomology 

2. Homctopy 

3. Fibre bundles 

4. Manifolds 

5. Fixed point theorems 

6. Links, knots 

7. Complexes and polyhedra 

8. Topology of group spaces 
and H-spaces 

9. Trams formations and 
special mappings 

10. Dimension theory 

11. Graphs, four color 
problem 
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GEOMETFfY 
Geometries, Euclidean and other 



1. 
2. 
3. 

i: 



7. 
8. 

9. 
10. 
11. 
12. 
13. 

14. 
15. 



12. Differential geometry 
under other groups : 
af f ine , inversive, con- 
formal, non-Euclidean 



Foundations 
Elementary geometry 
Triangles, tetrahedra Manifolds, Connections 

Ci3?cles, spheres, Inversivc 1. Rieiamannian geometry 



geometry 
Constructions 
Finite geometries, con- 
figurations, regular 
figures, divisions of 
space 

Vectors, quaternions, 
tenser algebra 
Coordinates, analytic 
methods 

Conies, quadric surfaces 
Affine ^.eoTPOtry 
Projec ve geometry 
Non-Eioxidean geometry 
n-dimensional and hyper- 
complex geometries 
Minkowski geometry 
Descriptive gedmetry 



Convex Domains, Distance 
Geometries 

1. Convex regions, Brunn- 
Mlnkowskl theory 

2. Extremum properties and 
geometric inequalities 

3. Distance geometries 

Differential Geometry 



5. 
6. 

7. 
8. 



10. 
11. 



Paths and connections: 
general 

Non-Riemanniam geometry, 
conformal, affine, pro- 
jective connections 
Pinsler spaces, abstract 
differential geometry 



Complex Manifolds 
Algebraic Geometry 



3, 

5. 

6. 
7. 



Special varieties, 
cux*ves , surfaces 
General theory of varie- 
ties, surfaces 
General theory of curves 
Intersection theory 
Group varieties, Abelian, 
equivalence theories 
Algebraic transformations 
Algebraic functions 

NUMERICAL ANALYSIS 



Numerical Methods 



Direct methods 
Classical differential 
geometry 

Vector and tensor 
analysis 

Kinematic methods and 
integral geometry 
Minimal sur f ac e s 
Families of curves, nets, 
webs 

Deformation of surfaces 
Differential line geometry 
Laguerre and other sphere 
geometries 

Lineal and higher order 
elements 

Differential geometry in 
the large 

Projective differential 
geometry 



2. 
3, 



5. 
6, 



Q. 
9. 

10. 
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General mathematical 
methods, iteration 
Monte Carlo methods 
Interpolation, smoothing, 
least S'^uares, curve 
fitting, approximation of 
functions 

Computation of special 
functions^ series, inte- 
grals 

Linear inequalities, 
linear programming 
Linear equations, deter- 
minants, matrices 
Eigenvalues , eigenvectors , 
Rayleigh-Ritz method 
Non-linear systems 
Roots of algebraic and 
transcendental equations 
Numerical differentiation * 
and integration, mechani- 
cal quadrature 
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11. Ordinary differential 
equations 

12. Partial differential 
equations 

13. Difference and functional 
equations 

14. Integral and integro- 
differential equations 

15. Error analysis 

16. Graphical methods, 
nomography 

17. Ifermonic analysis and 
synthesis 

18. Tables 

Computing Machines 

1. Digital computers; 
logic and design 

2. Digital computers: 
coding and programming 

3. Analogue computers 

4. Results of computation 
by machine 

PROBABILITy 

1. Foundations 

2. Elementary theory 

3. Distributions 
41 Limit theorems 

5. Stochastic processes: 
general theory 

6. Markov processes 

7. Stationary processes 

8. Special processes, random 
walks 

9. Applications 

STATISTICS 

« 

1. Elementary descriptive 
statistics 

2. Graduation 

3. Distributions of statis- 
tical functions 

4. Estimation theory (para- 
metric case) 

5. Testing of hjrpotheses 
(parametric case) 

6. Non-parametric methods and 
order statistics 

7. Design and analysis of 
experiments 

8. Decision theory 
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9. I4ultistage decision pro- 
cedures , sequential 
analysis 

10. Statistical engineering, 
quality control 

11. Sampling surveys 

12. Time series 

13. Applications 

PffifSICAL APPLICATIONS 

Mechanics of Particles and 
Systems 

1. Foundations 

2. Statics 

3. Kinematics, mechanics, 
linkages 

4. Eynamics 

5. Oscillations, stability 

6. Exterior ballistics, 
artificial satellites 

7. Variable mass, rockets 

Statistical Thermodynamics and 
Mechanics 

1. Gases 

2. Liquids 

3. Solids, crystals 

4. Quantiam statistical 
mechanics 

5. Statistical thermodynam- 
ics 

6. Irreversible thermo- 
dynamics 

Elasticity, Plasticity 

1. Foundations of mechanics 
of deformable solids 

2. Plane stress and strain 

3 . Three-dimensional 
problems 

4. Torsion and bending 

5. Beams and rods 

6. Plates, shells and 
membranes 

7. Anisotropic bodies j 

8. Vibrations, structural 
dynainics 

9. Stability, buckling, 
failure 

10. Wave propagation 

11 . Visco-elasticity 

12. Plasticity, creep 

13. Soil mechanics 

1 4 . Thermo -me chani cs 
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structure of Matter 

1. Liquid state 

2. Solid state 

Fluid Mechanics, Acoustics 
1., Foundations 

2. Incompressible fluids: 
general theory 

3. Incompressible fluids with 
special boiindaries 

^. Free surface flows, water 
waves, jets, wakes 

5. Viscous fluids 

6. Boundary layer theory 

7. Stability of flow 

8. Turbulence 

9. Compressible fluids: 
general theory 

10. Compressible fluids: 

subsonic flow 
11.. Compressible fluids: 

transonic flow 
12. Compressible fluids: 

supersonic and hypersonic 

flow 

13* Shock waves 

14. Acoustics 

15. Non -Newtonian fluids 

16 . Magneto-hydrodynamics 
17- Diffusion, filtration 

Optics, Electromagnetic Tr^vicy, 
Circuits 

1. Geoiv^tric optics 

2. Physical optics 

3. Electron optics 
^. Electromagnetic theory 

5. Electro- and magnetosta- 
tics 

6. Waves and radiation 

7. Diffraction, scattering 

8. Antennas, wave-guides 

9. Circuits, networks 
10. Technical applications 

Classical Thermodynamics, Heat 
Transfer 

1. -Classical thermodynamics 

2. Heat and mass transfer 

3. Combustion 
^. Chemical kinetics 

Quantxim Mechanics 

1. General theory 

2. Quantum field theory 



3. Atomlic atnd nuclear physics 

4. Elementary particles 

Relativity 

1. Special relativity 

2. General relax vity 

3. Unified field theories 
^. Other relativistic 

theories 

Astronomy 

1. Celestial mechanics 

2. Galactic and stellar 
dynamics 

3. Three and n-body problems 
^. Orbits 

5. Stellar structure 

6. Stellar atmospheres, 
radiative transfer 

7. Hydrodynamlc and hydro - 
magnetic problems 

8 . Cosmology 

9. Special problems 
10. Radio astronomy 

Geophysics 

1. hydrology, hydrography, 
oceamography 

2. Meteorology 

3. Seismology 

^. Potentials, prospecting, 
figure of the earth 

5. Geo-electricity and 
magnetism 

6. Geodesy,, mapping problems 

OTHER APPLICATIONS 

Economics, Management Science 

1. Econometrics 

2. Actuarial theory 

3. Management science, 
operations research 

Programming, Resource Allocation, 
Games 

1. Linear and non-linear 
programming, scheduling 

2. Games 

Biology and Sociology 

1. Biology 

2. Genetics 

3 . Demography 
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4. Sociology 

5. Ps^ychology 



information and Communication 
Theory 
!• Information theory 

2. Communication theory 

3. Linguistics 

Control Systems 

1 . Servomechanisms 

2. Switching theory, relays 

HISTORy, BIOORAPHZ 

1. Ancient and medieval 
mathematics 

2. Modem mathematics 

3. India, Par East, Maya 
Astronomy and physics 

5. Biography of 

6. Obituary of 

7. Collected or selected 
works of 



MISCELLANEOUS 

1. General text-books 

2. Collections of formulas 

3 . Bibliography 
^. Dictionaries 
5. Recreations 
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The reference is to the page on which the term occurs. 

accuracy, 223 
addition, 3, 12^ 1.8 

pi'operty, 76. 91 
additive inverse^ 18, 19;^ 38, 47, 237 
altitude 

of cone, 484 

of pyrani3,d, 477 
angle(s) 

complementary, 365 

corresponding, 159 
Antarctic Circle, 529 
antipodal points, 515 
antipode, 515 
apex of py.ramid, 476 
app roxiroa t ion, 276 
. arc, 162 
Arctic Circle, 529 
area, 145 

of circle, 458 

of regular polygon, 457 

of surface of sphere, 535, 536, 538 

of trapezoid, 454 
associativity, 236, 270 
average. 243 
axes, 24 

axis of symmetry, 172 
base, 472 

of pyramid, 476 
bisect, 164 
bisector, 164 

perpendicular, I91 
British Imperial gallon, 153 
Cantor, Qeorg, 262 
capacity, I50 
centimeter, 139 
chance events, 311 
circle, 64, 170, I7I, 173, 175, 511 

Antarctic, 529 

Arctic, 529 

area of, 64, 458 

circvunf erence of, 64 

great, 51 6, 520 

interior of, 520 

semi-^ 517 

small, 516, 517 

length of, 5^0 
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closed niomber phrase, 53 
closure, 236, 270 
c omb inat i ons , 303 
commutativlty, 236, 270 
compass, 157 

cornplementary angles, 365 
completeness,* 271 
compoiuid sentence, 68 
concurrent lines, l67 
condition, 30 
cone, 484 

altitude of. 484 

height of, h8k 

right circular, 484 

slant height of, 484 

vertex of, 484 
congruent, l80 

triangles, 176 
conjecture, 549 

Goldbach, 5^9 
constant, 397 

of proportionality, 397 
construction(s), l6o, lb3 
continuiom of real niombers, 276 
coordinates, 21, 23, 24 
corresponding angles, 159 
cosine, 359 
cotangent, 367 
counting number, 3, 235 
cube, 4b7 
cubic meter, 148 
cylinder 

right circular, 469 
Dantzig, 572, 573 
decimal 

..expansion, 246 

non-periodic. 267 

periodic, 248, 25O, 265, 267, 275 

point, 134 

repeating, 247 

representation. 246, 265, 267, 273 

terminating, 247 
decimeter, 139 
dekometer, 139 
density, 240, 244, 271 
Descartes, 569 
diameter, 5l4 
digit 

significant, 220^ 231, 232 
in the product, 231 
dimensional, 421 
direct variation, 396 
directed segment, 3, 12 
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distance 

between parallel planes, 464 

froin a point to a plane, 464 
dlstrlbutivity, 236, 271 
division, 42, 128 
edfees, 466 ' 
Egyptian, 193 
empirical probability, 323 
enumerate, 262 
equation(s), 58, 60 

equivalent, 75 

linear, 97* 
equality, 70, 83 
equivalent equations, 75 
error 

greatest possible, 2l6, 219, 228 

percent of, 223 

relative, 223 
Euclid, 162 - 
Euler, 447, 549 
Eulerts formula, 447, 569 
event (s) 

independent, 335 

mutually exclusive, 330, 342 
expon^?nt, 121, 126, 129, 149, 273 

negative, 121, 126, 129 

notation, 134 

zero as, 121 
factorial, 296, 297 
fiducial point, 3 
formula, 50 
Franklin, 563 
Pulkerson. 572, 573 
Galileo, 407 
gallon, 153 

British Imperial, 153 
Goldbach Cs'>njecture, 549 
grade, 377 
gram, I50 
graph, 30 
gravitation 

Newton's law of, 4lO 
great circle, 516 
greatest possible error, 2l6, 219 

of a s^om, 228 
Greenwich meridian, 527 
half -line, 3, 22 
Heawood, 563, 569 
hectometer, 139 
height 

of; cone, 484 

of pyramid, 477 
hexagon, 170 



hexagonal 

pyramid, 477 

right prism, 210, 469 
Hilbert, David, 577, 578 
hyperbola, 405 
hypotenuse, 194, 195 
identity, 236, 270 
inch, 143 

independent event, 335 
indirect reasoning, 259 
inequality, 58, 91 
integer(s), 3, 9, 225 
interior 

of a circle, 520 

of a sphere, 520 
inverse, 271 

additive, 237 

multiplicative, 237 

variation, 4oi 
irrational number, 257, 26o, 267, 275 
Johnson, 572, 573 
kilometer, 139 
lateral 

edge 

of oblique prism, 472 

of pyramid, 477 

of right prism, 466 

face(s) 

of oblique prism, 472 
of pyramid, 476 
of right prism, 466 
latitude, 529 

parallels of, 517, 526 
laws of variation, 394 
Lehmer, D. N., 546 
length, 138 

of small circle, 540 
light year, II8 
line(s; 

concurrent, I67 

half-, 3, 22 

parallel, 158 

perpendicular, I58 

real niomber, 276 
linear equation, 97 
liter, 150 
logarithm, 273 
longitude, 528 
mass, 150 
median, I69 
mega-, l4l 
meridian 

Greenwich, 527 

zero, 527 
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meter, 138 

square, l45 
metric 

system, 137,. 15^ 

ton, 151 
micro-, l4l 
micron, l4l 
millimeter, 139 
multiplication, 34, 125 

property, 83 
multiplicative Inverse, 237 
mutually exclusive events, 330, 342 
negative 

exponent. 121, 126, 129 

niomber, 8, 9 
Newton «s law of gravitation, 4lO 
non-per Iodic decimal, 267 
notation 

exponent, 134 

powers -of -ten, II5, 133 
number (s) 

counting, 3;, 235 

Irrational, 257, 260, 267, 27^ 

line, 1, 2, 3, 5, 255, 276 
real, 276 

negative, 8, 9 

phrase, 52 

closed, 53 
open, 53 

positive. 3 

prime, 546 

rational, 9, 255 

real, 267 

contlnuiom of, 276 
niomber line, 276 
niomber system, 276 

sentence, 51 

transcendental, 273 
oblique prism, 471, 472 
...octagon, 170 
one-to-one correspondence, 2, 262, 268 
open 

phrase, 53 

sentence, 59 
opposite, 9, 13, 19 
order, 237, 271 
ordered pair, 25, 33, 94 
origin, 3, 21 
pantograph^ I58 
parabola, 103, 407 
parallel(s) 

lines, 158 

of latitude, 517, 526 
ruler, I58 
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parallelogram, 2o6 
Pascal, 286 
Pascal triangle, 286 
pentagon, 170 
percent of error, 223 
periodic decimal, 248, 250, 265, 275 
permutation, 292 
, symbol, 295 
perpendicular, I90 

bisector. I9I 

line, 15a 

to the plane, 462 
phrase, 52 

number, 52 

closed, 53 
open, 53 
pi (tt), 64, 232, 273, 275, 535 
plane(s) 

distance between parallel, 464 

distance from point to, 454 

perpendicular to, 462 
plotting, 25 
point ( s y 

antipodal, 515 

fiducial, 3 
polygon 

area of regular, 457 

regular, I70 

simple closed. 434 
polygonal path. 434 
polyhedron, 428 
positive number, 3 
power, 272 

powers -of -ten notation, II5, 133 
precision, 219, 223 
prime number, 546 
prism 

hexagonal right, 210, 469 
lateral edge of 

oblique. 472 

right, 466 
lateral face of 

oblique. 472 

rights- 466 
oblique, 471, 472 
rectangular right, 2o8 
right, 208 

triangular right, 468 
probability, 312, 313, 34l 
empirical, 323 
of A and B, 334 
of A or B, 328 
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property 

addition, 76, 91 

multiplication, 83 

Pythagorean, I93, 202 
protractor, 158 
pyramid, 210 

altitude of 477. 

apex of, 476 

base of, 476 

height of, 477 

hexagonal, 477 

lateral edge of, 477 

lateral face of, 476 

regular, 478 

slant height of, 48o 

square, 477 
Pythagoras, 193 

Pythagorean property, I93, 202 
quadrants, 27 . 
quadrilateral, 170, 206 
radius, 163 
Rankin, 559 

rational number, 9, 255 
real number(s), 267 

continue of, 276 

line, 276 

system, 276 
reasoning 

indirect, 259 
rectangle, 20o 
rectangular 

right prism, 208 

system, 24 
regular 

polygon, 170 

pyramid, 478 
relative error, 223 
repeating decimal, 247 
rhombus, 452 
right 

circular cone, 484 

circular cylinder, 469 

prism, 208 

triangle, I92 
root, 272 
ruler 

parallel, 158 
scale, 386 

scientific notation, 114, 221 
segment 

directed, 3, 12 • 
selections, 303 

symbol, 303, 304 



semicircle, 517 
sentence 

compound, 68 

niomber, 51 

open, 59 
set of solutions, 50 
significant digit, 220, 232 

in the product, 231 
similar triangles, 38o 
simple 

closed polygon, 434 

surface, 442 
simplex, 422 
sin, 366 
sine, 359 • 
slant height 

of cone, 484 

of pyramid, 48o 
slope, 374 

small circle, 5l6, 517 
solid 

spherical, 533 
solution set, 50 
sphere, 511 

Interior of, 520 

surface area of, 535, 536, 538 

tangent to, 515 

volume of, 533, 535, 542 
spherical 

soap bubbles, 537 

solid, 533 
square(s) 

meter, 145 

pyramid, 477 

table of, 200-201 
square root, 196 

table of, 200-201 
straightedge, I57 
subtraction, 46 
surface 

of a sphere, 533, 535, 538 

simple, 442 
symmetry, 172 

axis of, 172 

table 

of square roots, 200-201 

of squares, 200-201 

of trigonometric ratios, 368 
tangent, 358 

to the sphere. 515 
tetrahedron, 4l8, 477 
terminating decimal, 247 
tolerance, 217 o ^^o 



topological, 564 
transcendental number, 273 
transversal, 159 
trapezoid, 206. 454 

area of, 454 
triangle (s) 

congruent. 176 

Pascal, 286 

right, 192 
' similar, 38o 
triangular right prism, 468 
trigonometric ratios 

table of, 368 
Tropic 

of Cancer, 529 

of Capricorn, 529 
T-square, 158 
twin primes, 552 
variation, 392 

direct, 396 

inverse, 401 

laws of, 394 
varies 

directly, 397 

Inversely, 4l4 
vertex of cone, 484 
vertices, 466 
vinculum, 248. 265 
Vinogradov. 549 
volume, 148 

of sphere, 533, 535> 5^2 
weight, 152 

of water, 152 
Williams, 573 
zero 

as exponent, 121 
meridian, 527 



